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Abstract Closed quantum systems that do not interact with the surrounding are
described by an eigenvalue equation such as the Schrodinger equation. In particu-
lar, one can describe in this way a finite closed quantum system Sg that contains p
eigenvalues and p eigenstates. Open quantum systems that interact with surrounding
are usually treated within a perturbation expansion method. In a consistent quantum
approach this “surrounding” should be treated as another (usually infinite) quantum
system Scl,)o. In formal mathematical terms one has to find a solution of the combined
system Sy = S) @ Sf)’o with emphasize on the properties of the subsystem S.
A new approach for the solution of this problem is presented. One finds that combined
system Sy, contains embedded eigenstates |W (e, ...)) with continuous eigenvalues
¢, and in addition it may contain isolated eigenstates |\W,) with discrete eigenvalues
er. Two p x p eigenvalue equations, a generic eigenvalue equation and a fractional
shift eigenvalue equation are derived. In almost all cases those two equations produce
a complete and exact description of the open quantum system Sg. The extremely rare
exceptional cases can be also treated accordingly. The suggested method produces
correct results, however strong the interaction between quantum systems Sg and S(Eo.
Two examples are presented in order to illustrate various aspects of this method.
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1 Introduction

Consider a finite quantum system Sg that contains p discrete eigenvalues and p eigen-
states. If this system is closed, it can be described by an eigenvalue equation. However,
more interesting is the case when this system is open and when it interacts with its
surrounding. In a consistent quantum approach this surrounding should be considered
as another (usually infinite) quantum system Sfo. In general, system Sé’o can contain
several eigenvalue bands and/or several isolated eigenstates. In analogy with standard
perturbation expansion approach [1,2], one can assume that the solution to the system
SC];O is known. The problem is to find properties of a system Sg that interacts with the

known system Sfo. In formal mathematical terms the system Sg and its surrounding

(system S%)) form a combined system Sy, = S @ S” . Thus one has to extract the
required information from the solution of this combined system.

There are numerous problems in physics and chemistry of this type. For example,
consider the interaction of an isolated molecule with the electromagnetic field [1,2].
This molecule can be approximated with a system Sg containing finite number of
eigenvalues E and eigenstates |®;). Those eigenstates interact with one-photon states
|®,, ko) where [k ) represents a state containing one-photon with momentum k and
polarization @ . States |®,, ker) interact with two-photon states |O,, k'’ K @ "),
which in turn interact with three-photon states, etc. [1]. If there is no external elec-
tromagnetic field, one can to a very good approximation ignore all states containing
multiple photons, and one can associate system S with the set of all one-photon states
|®,, ko) with corresponding eigenvalues. The solution to this system is known since
the states |kz) are essentially plane waves, while |® ) are eigenstates of the iso-
lated molecule. Hence one has formally the interaction of a finite system S;’ with

the known infinite system Sé’o. With an appropriate modification, in the similar way
can be treated the case when an external electromagnetic field is present. As another
example, consider the interaction of the molecule situated on the surface of some
solid with this solid. Molecule in isolation can be again approximated with a finite
quantum system Sg. System Sfo represents a solid with a surface. The solution to
this system usually consists of multiple eigenvalue bands 1, (k) with the correspond-
ing eigenstates |®, (k,1)) (v = 1,2,...) [3]. In addition, system Sé’o may contain
some discrete eigenvalues A; corresponding to the surface states [4]. One is mainly
interested in the properties of the molecule (system S;‘) subject to the interaction with

a solid (system Sfo). Again one can assume that the solution to the system Sgo is
known. In most cases one knows only an approximate solution of this system [3].
Nevertheless, if this approximate solution is reliable, the problem is to find equally
reliable solution of the combined system Sy, with emphasize on the properties of the
subsystem Sy

Those and similar problems are usually treated either within the formalism of
the perturbation expansion method, or using some approximate semi-classical model
[1-4]. Both approaches have some drawbacks. If the interaction between the systems
S;f and Sfo is strong, perturbation expansion may diverge and the entire method fails.
Concerning various semi-classical models, those models are only approximate and
they can never completely replace exact quantum treatment.
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A new method for the solution of such problems will be presented [5—8]. This
method produces exact description of a quantum system Sg that interacts with a quan-

tum system Sfo, however strong the interaction between those two systems. There is
no power series expansion and no divergence problem. This method was initially
developed for the case of the interaction of a quantum system S that contains only
one eigenstate with a quantum system Sfo that contains a single one-parameter eigen-
value band [5]. Next the method was generalized to arbitrary quantum systems Sfo,
retaining still the condition that the system S;' contains only one eigenstate [6,7].
Finally the method was generalized to the interaction of an arbitrary finite system S;f

that interacts with an infinite system Sfo, but with a restriction that Sfo contains a
single one-parameter eigenvalue band [8].

In the present paper the most general case of the interaction of an arbitrary finite
quantum system S/‘; with an arbitrary infinite quantum system Sfo will be consid-
ered. Time-independent version of this method will be presented. Generalization to
the time-dependent case is rather straightforward and it can be done along the lines
described elsewhere [5-7].

2 Mathematical formulation of a problem

The system S;f is an arbitrary p-dimensional quantum system. With this system is
associated p-dimensional space X7 and it is described by the generalized eigenvalue
equation

A[O®;) = ES"10;), s=1,...,p, (1a)

where A and S are Hermitian operators in X¢, while S¢ is in addition positive definite
in this space. This guaranties reality of the eigenvalues E;. Eigenstates |®;) can be
orthonormalized according to

(©5 |8 ©,) = 85, p, (1b)

Since |®y) form a complete set in X7, this implies

)
D 10,) (08" =T1¢, (1)

where I is a unit operator in X7. Eigenstates |®;) of a system S;f are called local
states [8].

The system Sfo is an arbitrary infinite-dimensional quantum system. This system
describes any possible surrounding of the system Sg. With this system is associated
an infinite-dimensional space X go. In general, this system may contain several eigen-
value bands and/or several discrete eigenstates. Each of those eigenvalue bands may
be one-parameter eigenvalue band (nondegenerate eigenvalue band) or it may be a
many-parameter eigenvalue band (degenerate eigenvalue band).
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Let the system Sfo contain k eigenvalue bands where k can assume any value from
k = 1 toincluding ¥ = oo (by assumption, the case ¥k = 0 is excluded. See Appendix
A). Those eigenvalue bands are described by the eigenvalue equation

B|®, (kD)) = hy(k) |y k., D)), k€ lkav,kpv], v=1,2,....k, (2a)

where B is a Hermitian operator, where index v labels various eigenvalue bands, and
where each A, (k) is amonotonic function of a parameter k in the interval [k, kp, [(V =
1, ..., k). Parameters / and m are optional. Those parameters label possible degen-
eracy’s inside eigenvalue band v. Parameter / represents one or several continuous
parameters and parameter m represents one or several discrete parameters. With this
convention eigenstates |®,, ,, (k, [)) of B can be orthonormalized according to

(cbv,m(ks l)|(Dv’,m’(k/7 l/)) = 8v,v’81n,m’8(k - k/)S(l - l/) (2b)

Without loss of generality one can assume that each function X, (k) is monotonic
increasing. In this case all eigenvalues of the eigenvalue band v are confined to the
eigenvalue interval I, = [a,, b, ] where a,, = A, (kyy) and b, = X, (kp,) are the small-
est and the largest possible eigenvalue, respectively. One may have b,, = co. However,
one may not have a, = —o0, since eigenvalues of Sé’o can not assume arbitrary large
negative values.

Since each X, (k) is monotonic, it has well defined inverse

e=rk), k=11, &¢€lay,b]. (2¢)

Union of all eigenvalue intervals I, = [a,, b, ] forms a range D of the continuous
eigenvalues of Sé’o, D = U, I,. This range may consist of one or several disconnected
intervals D,,, where each D, is a union of one or several eigenvalue intervals /,,.
It is convenient to define a point set D which is a complement of D. Accordingly,
D U D = R is the entire real axis.

In addition to continuous eigenvalues A, (k) and corresponding eigenstates |, ,,
(k, 1)), system S;’O may contain t discrete eigenvalues A; and t corresponding eigen-
states |®;). In general, T can assume any value from 7 = 0 to including T = oco. Those
discrete eigenvalues and eigenstates are described by the eigenvalue equation

B[®) =2 |®;), i=12,....71, (3a)

Each discrete eigenvalue A; satisfies either A; € D or A; € D. Corresponding
eigenstates |®;) can be orthonormalized according to

(®il®;) =8, i,j=1,....1, (3b)

All discrete eigenstates |®;) are also orthogonal to all continuous eigenstates
[Py, (k, D))

<q)i |<Dv,m (k, l)) =0. (30)

@ Springer



J Math Chem (2009) 45:627-701 631

Eigenstates |®;) and |, ,,(k,[)) of Sfo form a complete set in the space X}o’o.
Hence those eigenstates satisfy completeness relation

ZZ/ | @y k. D)@y (k. D| dedl + > @) (@] = 1. )

v m

where I” is a unit operator in the space X go.

Above expressions describe an arbitrary quantum system Sé’o. Each surrounding of
a system Sg, however complicated, can be described as such a system.

Relations (1a), (2a) and (3a) describe closed systems Sg and S(fo without mutual
interaction. An arbitrary interaction between those two systems can be written in the
form BV where V # 0 is a Hermitian operator and where 8 > 0 is a coupling parame-
ter. Without loss of generality one can assume that operator V has nonvanishing matrix
elements only between spaces X and X 20. Combined system Sy, = SZ &) Sfo that
includes this interaction is described by the generalized eigenvalue equation

C|V) =¢S|¥), (5a)
where
C=A+B+8V, S=S"+1. (5b)

Since S¢ is positive definite in X¢, operator S is positive definite in the combined
space Xoo = Xg DX go Eigenvalues ¢ of (5a) are hence real.

Mathematically, eigenvalue equation (5a) represents an infinite-dimensional eigen-
value problem. The emphasize in the solution of this problem is on the properties of
the open system Sg that interacts with the infinite system Sé’o, and not on the prop-

erties of the system Sfo. Such problems are usually treated within the formalism of
the perturbation expansion approach where S[‘f is the unperturbed system [1,2]. T will
present here a new approach which is not perturbative and which produces an exact
solution to this problem, however strong the interaction between systems Sg and Sé’o.

In the above formulation the system Sg was described with a generalized eigen-
value equation (1a). However, by far the most important is the case when S¢ = I¢
is a unit operator in the space X7. In the suggested approach there is no substantial
difference between the cases S # I and S¢ = I. Expressions describing the case
S% # I are only slightly more complicated from the expressions describing the case
S% = I%. For the sake of generality, the system S/‘f is therefore described with a

generalized eigenvalue equation (1a). Concerning the infinite system Sé’o, analogous
generalization is not so important. This system may represent an electromagnetic field,
electronic or vibrational (phonon) states of a solid state, efc. In almost all models such
systems are described by base states that are orthonormalized in a standard way [1-3].

Concerning assumption that the system Sfo contains at least one eigenvalue band
(k¢ # 0), the case k = 0 is considered elsewhere [9] (see also Appendix A).
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3 Solutions of the combined system S, and description of the open system S;,’

A general strategy in the solution of the eigenvalue equation (5a) is to approximate
infinite system Sé’o with a huge but finite system S,l,’ containing n eigenvalues A; and n
corresponding eigenstates. Infinite combined system Sy, = SZ @ Sgo is accordingly

approximated with a finite (n + p)-dimensional combined system S,., = S; @ S,ll’
that has (n + p) eigenvalues g¢ and (n + p) corresponding eigenstates. There are
two kinds of solutions to this finite combined system. If &4 differs from all the eigen-
values A; of the closed system S,’f (ex ¢ {A;}) the corresponding solution is cardinal,
otherwise it is singular [9]. As shown in Appendix A, there are explicit expressions
for cardinal and singular solutions of such finite systems [9]. Given those expressions,
one can derive their n — oo limit. Provided the approximation of Sy, with finite
systems S, , is done in an appropriate way, this limit is well defined [5—8]. One thus
derives the required expressions for the infinite combined system S.

As emphasized in a previous section, closed system Sfo may contain discrete eigen-
values A; € {A;} as well as continuous eigenvalues A, (k) € D. Combined system S
may also contain discrete end continuous eigenvalues. By definition, each discrete
eigenvalue ¢, of Sy is an isolated eigenvalue while each continuous eigenvalue ¢ of
S is an embedded eigenvalue [8].

Eigenstates |\V,.) corresponding to isolated eigenvalues &, can be normalized to
unity. This normalization is done in accord with the metrics induced by the operator
S. In particular one has [8,9]

(W, S| Wp) =5 . (6)

One can consider each isolated eigenvalue &, of S as a continuous function of the
coupling parameter 8, &, = &,(f8). From this point of view eigenvalue ¢, may result as
perturbed eigenvalue E of the local system S%, in which case one has &, (0) = Ej. It

may also result as a perturbed discrete eigenvalues A; of the system Sé’o, in which case
one has ¢,(0) = A;. However, if the coupling B is strong enough combined system
S may contain some additional isolated eigenvalues &, (8) that do not result in either
of those two ways [5-8].

One can generalize the notion of cardinal and singular solutions defined for finite
combined systems S, 4, to all isolated as well as to all embedded solutions of the infi-
nite combined system S,. Each isolated eigenvalue ¢, of So is cardinal if it differs
from all discrete eigenvalues A; of the system Sy, (e, ¢ {A;}). Otherwise it is singu-
lar. This is a natural generalization of the notion of cardinal and singular eigenvalues
from the case of finite combined system to isolated eigenvalues of infinite combined
system.

Concerning embedded solutions, one finds that each ¢ € D is an embedded eigen-
value of the combined system Sy, [5-8]. This eigenvalue is a part of a continuous band
of eigenvalues, and the corresponding embedded eigenstates are with respect to this
eigenvalue normalized to a §-function. Those eigenstates are hence of a general type
|W (e, ...)) where dots (...) denote additional discrete and/or continuous parameters,
if any.
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A key quantity in the treatment of embedded solutions is a fractional shift x(e)
[5-8]. In general, with each embedded eigenstate |V (e, . . .)) is associated a fractional
shift x(¢). Fractional shift has the following interpretation: Imagine infinite system
Sgo approximated with a huge but finite system S,i’ containing n eigenvalues ;. The
corresponding combined system Sy, is accordingly approximated with a huge but
finite system S,, = Sg &) Sf containing n + p eigenvalues g;. Consider quantities

&k — Ak—1

—_—, (7N
A — Ag—1

x(&g) =

where ¢ are eigenvalues of the combined system S, while A;_; are eigenvalues
of the system Sfl’ . In order to have a meaningful » — oo limit of the above expres-
sion, all three eigenvalues &, Ax and Ar_; should be contained in the range D and
in addition they should be contained in the same interval D, € D. Each x(gi) is a
fractional shift of the perturbed eigenvalue ¢4 relative to the unperturbed eigenvalue
Mk—1 [5-8]. Fractional shift is thus defined as the ratio of two infinitesimal quantities:
There is an infinitesimal shift Aey = ¢ — A1 of the perturbed eigenvalue ¢ relative
to the corresponding unperturbed eigenvalue Ax_;. Another infinitesimal quantity is
the interval Al = Ay — Ax—1 between two adjacent unperturbed eigenvalues Ax € D.
If the infinite system Sy is approximated with finite systems S, , in an appropriate
way [5-8] , in a limit n — oo discrete quantities x(g;) converge to one or several
functions x(¢) of a continuous parameter ¢ € D (see Appendix B.2). Each of those
functions is well defined everywhere in the range D, with a possible exception of few
isolated points. One finds that fractional shift can be confined to the interval [0, 1) (see
Sect. 6.2). Fractional shift confined to this interval is a principal value of a fractional
shift [8]. In this paper it will be assumed that fractional shift is confined to its principal
value, i.e. x(¢) € [0, 1).

In view of the above picture of the combined system S as the n — oo limit
of finite combined systems S,,4,, one can give a following physical interpretation to
the notion of a fractional shift: Fractional shift x(¢) = 0 corresponds to the perturbed
eigenvalue ¢ that coincides with some unperturbed eigenvalue A, while fractional shift
x(e) # 0 corresponds to the perturbed eigenvalue ¢ that does not coincide with any
of the unperturbed eigenvalues A [5-8]. Accordingly, each embedded solution that
satisfies x(e) = 0 is singular while each embedded solution that satisfies x(¢) # 0
is cardinal. This is a natural generalization of the notion of singular and cardinal
solutions of the finite combined system S, , to embedded solutions of the infinite
combined system Sy.

In addition to embedded singular solutions which are characterized by fractional
shift x(¢) = 0, a special role is also played by embedded cardinal solutions with frac-
tional shift x(e) = 0.5. This fractional shift corresponds to the perturbed eigenvalue
¢ that is exactly in a middle between two adjacent infinitesimally close unperturbed
eigenvalues A. Each solution that satisfies x(g) = 0.5 is called a resonant solution
and the corresponding point ¢ € D a resonant point. This name is due to the resonant
shape of the corresponding embedded cardinal eigenstates in the case of the weak
coupling (see Sect.6.2.3.).
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3.1 Description of the open system S;’

Each isolated as well as each embedded eigenstate of the combined system can be
written as a linear combination

W) = [w) + W), (8a)

where [W“) € X{ and Wby e X ’;O are components of this eigenstate in spaces X and
X go, respectively. Let O be an observable (linear Hermitian operator) that describes
some property of the open system Sg and let | W) and |¥’) be eigenstates of the com-
bined system Sy,. Operator O can have nonvanishing matrix elements only between
the states contained in the space X¢. This implies

(0| v') = (w?|0] v¥). (8b)

Hence, in order to obtain properties of the open system S¢, it is sufficient to know
X{-components of the (properly normalized) eigenstates of the combined system. The

knowledge of X go—components of those eigenstates is not needed.

In the case of a finite combined system S, ,, each cardinal eigenstate has a nonvan-
ishing X-component. Concerning singular eigenstates, one may have two kinds of
such eigenstates: strongly singular eigenstates have no X -component, while weakly
singular eigenstates have nonvanishing X7-component. One finds that a finite com-
bined system S,, only exceptionally can have some weakly singular eigenstates
(see Appendix A). Those properties of cardinal and singular eigenstates in the case
of finite combined system S, , generalize to cardinal and singular eigenstates of the
infinite combined system Sy,. Consider first embedded eigenstates of the combined
system. Each embedded cardinal eigenstate satisfies |W“%(e,...)) # 0 while each
embedded strongly singular eigenstate satisfies |[W“ (g, . ..)) = 0. Concerning embed-
ded weakly singular eigenstates that have nonvanishing X7 -component, one may have
only a limited number of such eigenstates. However, Sy, contains an infinite number
of embedded cardinal eigenstates (see Sect. 6). The contribution of embedded weakly
singular eigenstates to the properties of the open system S7 is hence negligible (see
Sect. 6). In conclusion, most important are embedded cardinal eigenstates that have a
nonvanishing X;, component while embedded singular eigenstates are in that respect
not important. Similar conclusions apply to isolated eigenstates of the combined sys-
tem. Here again isolated cardinal eigenstates are most important. However, unlike
embedded weakly singular eigenstates, isolated weakly singular eigenstates may in
some cases contribute to the properties of the open system Sg (this is however quite
rare, see Sect.5).

In conclusion, concerning properties of the open system S%, most important are
X7 -components of embedded cardinal and isolated cardinal eigenstates of the com-
bined system. One finds that those components are described by two key eigenvalue
equations. Those are generic eigenvalue equation and fractional shift eigenvalue equa-
tion. Both equations act in the space X7 and they can be both represented as p x p
matrix eigenvalue equation. In addition to operators A and S that according to (1a)
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describe closed system S¢, those eigenvalue equations involve characteristic opera-
tor £(¢) and derived operator w(¢) [8]. Characteristic operator incorporates essential
features of the infinite system Sé’o and of the interaction of this system with the finite
system Sg. This operator is basic. Derived operator @(¢) is uniquely determined by
the corresponding characteristic operator f(¢).

4 Characteristic and derived operators

Key role in the expressions that replace eigenvalue equation (5a) is played by char-
acteristic operator f(¢). This operator acts in the space X7 and in this space it is
represented by a p x p Hermitian matrix. Characteristic operator f(¢) is a sum of
characteristic operators f, (¢) that are associated with eigenvalue bands v and of the
characteristic operator F(¢) that is associated with the set {A;} of all discrete eigen-
values }; of the system S2,

fe) = D fu(e) + F(o), (%a)

Operator f, (¢) associated with the eigenvalue band v vanishes for each ¢ ¢ I, and
in the interval /, it is positive definite with possible exception of few isolated points
where it may be zero. In the base {|s)} € X Z matrix elements fs(,‘;) (&) of this operator
are (see Appendix B):

f9(e) = (sIf,(e)|p)
CDvm k] q>l)m ’
) %f(s|V| (kD) (®y Kk, D) [VIp)dl 1 ireen,
N di, (k) /dk 0 ife¢l,
k=2, (e)
v=1,...,k, s,p=1,...,p. (9b)

Without loss of generality one can assume that the states |s) € X7 are orthonor-

malized in a standard way: (s|p) = & .

Vv

Each matrix element fs(p) (&) is usually an analytic function of ¢ inside the interval

I,,. However, it is not analytic for each ¢, since outside this interval fs(ll,))(s) is identi-
cally zero. Since f(*)(¢) is positive definite almost everywhere inside the interval I,
and zero outside this interval, each eigenvalue &;(¢) (i =1, ..., p) of this operator is
nonnegative inside /,, and zero outside 7. In particular, if v is one-parameter eigen-
value band, operator f ™ (&) has rank [10] one foreach & € I, witha possible exception
of few isolated points where this rank vanishes [8]. In this case each eigenvalue §&; (¢)
is identically zero (§;(¢) = O for each ¢) except for only one eigenvalue (say &;(¢))
which is positive for each ¢ € I, except for few isolated points € = ¢, € I, (if any)
where it is zero [8].

Operator F(¢) associated with the set {A;} vanishes for each ¢ ¢ {A;} and itis a
d-type operator in the points & € {A;}. This operator is also positive definite, and in
the base {|s)} matrix elements Fj, (¢) of this operator are
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Fyp(e) = (s [F(e)| p) = D (s [VI @) (0; [VIp)8(e — 1), s, p=1,...,p. (%)

i

Matrix elements (9b) and (9¢c) determine characteristic operators f,(¢) and F(¢),
respectively. According to those expressions, in order to derive those operators one has
to know the solution of the unperturbed system Sfo. The knowledge of the solution to
this system is a standard assumption in a perturbation expansion approach [1,2]. Once
this solution is known, construction of operators f,(¢) and F(¢) is straightforward and
computationally simple.

Characteristic operators f, (¢) and F(e¢) determine derived operators w,(¢) and
Q2(e), respectively. Unlike operator £, (¢) that vanishes outside the interval 1,,, the cor-
responding derived operator w, (¢) is nonzero in all points outside /), and in almost
all points inside /,,. This operator is expressed in terms of the characteristic operator
f, (¢) according to

wv(8)=P/ LG, A, (102)

e — A

where P denotes principal Cauchy integral value [11]. In particular

v)
o(e) = (sl (©)|p) = /f"’(“ sp=1.....p.  (10b)

If ¢ ¢ I, above expressions are standard integrals. However, if ¢ € I, sub-integral
function on the right-hand side of those expressions may diverge in a point A = ¢.
In this case one has to take a principal Cauchy integral value of those expressions.
If fs(;) (¢) is polynomial in the interval 1, there is a closed expression for the corre-
sponding matrix element a)s}’,) (&) of the derived matrix w,(g) [7]. More generally, if
fs(,,) (e) is an analytic function in this interval, matrix element a)s,,) (¢) can be usually
expressed in a closed form as an infinite sum. As shown in the Appendix D, if ¢ (4) is
analytic and if a and b are finite (a # —oo and b # 00) one has

q() a—¢
P/a g_)\‘d)\‘_ (S)ln b—g‘ —g(é‘), (113)
where the function g(e) equals
=310 [(b—o —@—e)] (11b)
§ ili '

i=1

and where & can assume any real value. In the above expression ¢ ) (¢) is ith derivative
of the function g (¢). If g (¢) is polynomial, g(¢) is also polynomial. More generally, if
q (&) is an analytic function with the only singularity in infinity, infinite sum in (11b) is
guaranteed to converge for each finite . Function g(¢) defined with this sum is hence
also an analytic function with the only singularity in infinity.
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In analogy to (10a), derived operator $2(¢) is expressed in terms of the characteristic
operator F(¢) according to

Q) = P/ F(Aid)», (12a)

8 f—
Hence and from (9c)

(s|V|®;) (®;|V]p)

Qp(e) = (5120 Ip) = Y. —

i(Ai#€)

. s,p=1,....p. (12b)

Note that matrix element €2;,(¢) is finite for each real . However, in a point ¢ =
Ai € {A;} this matrix element is usually not continuous and (unless (s|V|®;)(®;|V|p)
= 0) one has link1 Qp () = Fo0.
e—>Aj

In analogy to (9a), derived operators w, (&) and $2(¢) combine to a global derived
operator w(¢) according to

w(e) =D a,(e) + (), (13a)
vV
Matrix elements w;, (¢) of w(e) are hence

wsp(e) = (s |w(e)| p) = P Md)», s,p=1,...,p. (13b)
&E—A

If the range D and the set {A;} are bounded, above expression implies that each
state |©) € X7 satisfies

(© |o(£00)| ©) =0, (14a)

One finds that this is true also if the range D and/or the set {;} is not bounded,
provided in the limit A — oo matrix elements f, () satisfy some mild conditions.
Further, since f(1) is nonnegative, for each ¢ ¢ D and ¢ ¢ {A;} an arbitrary state
|®) € Xg satisfies (O|dw/de|®) < 0. This holds also if ¢ = g9 € D, provided the
state |®) satisfies f(g9)|®) = 0. Since f(¢)|®) = 0 whenever ¢ ¢ D, this can be
concisely written as

(©|dw/de|©) <0, iff(e)|®) =0 ande ¢ {A;}. (14b)

Note that if ¢ € D and f(¢)|®) # 0, one may have (O|dw/de|®) < 0 as well
as (O|dw/de|®) > 0. The condition f(¢)|®) = 0 is hence essential. Concerning the
condition ¢ ¢ {A;}, in the point ¢ € {A;} the derivative dw/de is not well defined.

According to the expression (1a), operators A and S* contain all information nec-
essary for the description of the closed system Sg. Characteristic operator f(g) con-
tains all additional information necessary for the description of the open system Sg.
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In order to construct this operator, it is not necessary to specify all the details of the
infinite system Sobo and all the details of the interaction of this system with the finite
system S;‘. All what is needed is the knowledge of p - (o + 1)/2 functions (or more
precisely distributions [1]) f;,(¢) (s < p). There are many different systems Sfo that
may produce the same functions f;,(¢). If the details of the system Sfo and of the
interaction of this system with the system Sg are not known, one can model those
functions in such a way as to satisfy some required properties and/or some known data
of the combined system.

5 Isolated solutions of the combined system S,

As emphasized in Sect. 3, isolated eigenvalues of the combined system may be cardi-
nal as well as singular. By definition, isolated eigenvalue ¢, of the combined system is
cardinal if it differs from all discrete eigenvalues of the closed system Sé’o, e & (A}
Otherwise it is singular. Isolated cardinal eigenvalues and the corresponding eigen-
states of the combined system can be obtained as a solution of the generic eigenvalue
equation

[Boen +A] 160 =256, o ¢ (1)), (15a)

If there is no interaction (8 = 0) this equation reduces to the eigenvalue equation
(1a) that describes closed system S[‘f.

For simplicity and unless required in order to avoid possible ambiguity, in the above
and in the following expressions explicit dependence on the parameter 8 will not be
written. Since eigenvalue ¢, and eigenstate |6, ) depend on this parameter, in an explicit
full notation one should write ¢, = ¢,(8) and |6,) = |6, (B)).

Expression (15a) is a nonlinear eigenvalue equation. It may have eigenvalues ¢, €
D as well as eigenvalues &, € D. As shown in the Appendix B.1, each eigenvalue
& € D of this equation is an isolated eigenvalue of the combined system. Correspond-
ing eigenstate |6,) € X7 determines X7-component |W) of the isolated eigenstate
|W,) according to

1
W) = 75 (15b)

where
0 = (6,[8°16,) — B (6, ldw/de, 1 6y). (15¢)
Concerning eigenvalues ¢, € D of (15a), those eigenvalues are resonant points
[8] and they are related to the embedded solutions of the combined system [8] (see
Sect.6.2.3.). In a special case when in a point ¢ = ¢, there is an eigenstate |6,) of

(15a) that in addition to (15a) satisfies

f(er)16r) =0, (16)
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this point is an anomal point. One finds that in each anomal point combined system
has an isolated solution. Eigenvalue of this isolated solution is eigenvalue ¢, of the
generic eigenvalue equation (15a). In addition, component [\¢) of the corresponding
isolated eigenstate |\, is again given by expressions (15b,c) where |6,) satisfies (15a)
and (16).

In conclusion, eigenvalues and eigenstates of the generic eigenvalue equation
determine all cardinal isolated eigenvalues ¢, ¢ {A;} of the combined system and
all X Z—components of the corresponding eigenstates |\V,). If ¢, € D this solution is
determined by the generic eigenvalue equation (15a). However, if ¢, € D the corre-
sponding eigenstate |6,) should satisfy additional condition (16).

Consider now eigenvalue ¢, of the generic eigenvalue equation as a function of a
coupling parameter 8. As shown in the Appendix E, the rate of change of the eigenvalue
& = &-(B) as B increases is

der _ 28 (0, |w(er)| ;)
B (6, 18716,) — B2 (6, ldw/de, | 6,)

er ¢ {2} a7

If ¢, € D expression (14b) implies (9, |dw/de,|6,) < 0. Since (6,|S4|6,) > 0, the
sign of the derivative (d¢,/d8) equals the sign of the matrix element (6, |w(e,)|6;).
Hence for each ¢, € D and &, ¢ {1} eigenvalue &, = &,(B), considered as a function
of a parameter S, increases (decreases) if matrix element (0, | (e,)|6, ) is positive (neg-
ative). Let A1 € {A;} be the smallest isolated eigenvalue of Sé’o and let a; = Ay (kq1)
be the smallest left edge of all intervals I, € D. Consider extreme left subinterval
lieft = (—00, min(ry, a1)) of D. Due to (14) one has (6, |o(g,)|6,) < 0if e, € Lefs.
In a similar way one finds (0, |w(&,)|0,) > Oif & € Irjgn Where I;gp, is analogous
extreme right subinterval of D (provided this right subinterval exist, i.e. provided
D as well as {A;} is bounded from above). Accordingly, in the subinterval I_lef, of
D eigenvalue ¢,(B) is a decreasing function of 8, while in the subinterval I ght of D
it is an increasing function of B. Thus the effect of the coupling 8 is to repeal each
isolated eigenvalue ¢, (8) (that is sufficiently far from the range D) away from this
range.

Expressions (15) and (16) describe isolated cardinal solutions of the combined
system (with eigenvalues ¢, ¢ {A;}). One can derive similar expressions for isolated
singular solutions that satisfy &, € {A ;}. Those expressions can be derived from expres-
sions (A8) in the same way as expression (15a) is derived from the expression (ASa).
However, isolated singular solutions are usually not important. First, there are many
systems Sfo that have no discrete eigenvalue A;. If this is the case, the corresponding
combined system Sy has no isolated singular solution (though it may have and usually
has isolated cardinal solutions). For example, a free electromagnetic field is such a
system which has no discrete eigenvalue. Second, unless some special conditions are
met, combined system Sy, can have isolated singular eigenvalue &, = A; only if the
degeneracy of discrete unperturbed eigenvalue A; € {A;} exceeds dimension p of the
space X7. Further, since singular eigenvalue ¢, equals some unperturbed eigenvalue
X;. Itis much easier to find singular eigenvalues (and corresponding eigenstates) than
to find cardinal eigenvalues which can assume any value &, ¢ {A;}. Finally, even
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when the system S, contains some isolated singular eigenvalue ¢, € {A;}, the cor-
responding eigenstate | W, ) is usually strongly singular with no X7-component. Such
eigenstates do not contribute to the properties of the open system Sg. Nonvanishing
X7 -components have only isolated weakly singular eigenstates which are usually quite
rare (see Appendix A and B.1).

5.1 Probabilities associated with isolated eigenstates

Once |¥}) € X7 is known, one can find all related properties of the open system Sg.
For example, probability amplitude to find isolated eigenstate |W,) in the local state
|®,) equals (®4|S|W,) [8]. Hence and according to (15b,c), probability w,  to find
isolated eigenstate |\W,) in the local state |®) equals

(0, 181 ©5) (O [Sal 6/)

s = (O S‘Ijr 2= .
wrs = 1O SIYR 1= o Sa0y — p2.(6, 1dw/de, 16,)

(18a)

Since {|®;)} is a complete orthonormalized set in X, probability w, to find isolated
eigenstate | W, ) in a local system S[‘)J equals a sum > w, ;. Hence and due to (1c)

0 =S uy — (0, 15%6,)
r = - rs — (6, |Sa|9r)_:82(9, |d(l)/d8,|9,).

(18b)

According to (15b,c¢), this probability equals norm of the X' -component of the isolated
eigenstate |\W,)

wy = (W7 |S4] W), (18¢)

Obviously w, < 1. Probability to find isolated eigenstate |\¥,) in a system Sg can

never exceed one.

6 Embedded solutions of the combined system S,

Embedded solutions of the combined system depend on a continuous parameter ¢ and
they exist for each ¢ € D, while for ¢ ¢ D those solutions do not exist. With each
embedded solution is associated a fractional shift x(¢) [5-8] which is defined as the
n — oo limit of quantities (7) (see Appendix B.2). As emphasized in Sect. 3, there are
two kinds of embedded solutions: singular solutions that satisfy x(¢) = 0 and cardinal
solutions that satisfy x(¢) # 0.

6.1 Embedded singular solutions
Let X% be the subspace of the space X ’;o that contains all band eigenstates of Sé’o

with the eigenvalue ¢ € D. In other words, this subspace contains all eigenstates
| Dy (k, 1)) that satisfy k = k;l (¢) and where v, m and [ can assume any admissible
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value. Since ¢ € D, the space X”¢ is nonempty and it contains at least one eigenstate
|®, m(k,1)). This space may contain a finite as well as an infinite number of such
eigenstates. As shown in the AppendixB.2, X} -component and the corresponding
Xb¢_component of embedded singular eigenstates with the eigenvalue ¢ are solutions
of the equations

h(e) lp(e, ...)) = —=BVP® @ (e, ...)), (192)
fe) lp(e,...)) =0, (19b)

where
h(e) = B2w(e) + A — eS%. (19¢)

and where P? is a projection operator on the subspace X?¢. Since operator h(e) acts
in the space X{ while P? is a projection on X%, one has |¢(e,...)) € X}, and
lp(e,...)) € Xbe. Above expressions generalize expressions (A8) which produce
all singular solutions of a finite combined system S, , to the singular embedded
solutions of infinite combined system S.

In analogy to a finite system S, ,, infinite system S, may contain embedded
strongly singular eigenstates which have no X7-component as well as embedded
weakly singular eigenstates which have a nonvanishing X7 -component. In the case of
embedded strongly singular eigenstates one has |¢(e, ...)) = 0 and expressions (19)
reduce to

VP [p (e, ...)) =0, (20a)

If | (e, .. .)) is a solution of (20a) the corresponding strongly singular eigenstate
of the combined system is

1
We,..)) = ¥, ..))= ...)). (20b
(e ) = [V D) = s (e ) (200)

Embedded strongly singular eigenstates are due to the degeneracy of the unper-
turbed eigenvalues A, (k). For example, if the system Sé’o is described by the eigenvalue
equation

B|D, (k) = k) |Ppk)), kelkskpl, m=1,2,...,n, (21a)

where m is discrete parameter which can assume 7 values, each eigenvalue A (k) is
n-degenerate. In this case X”¢ is a n-dimensional space spanned by 7 unperturbed
eigenstates |®,, (k)) where k = 27 1e). Projection on this space is

n
P = [0, (0) (@u (k)] k=1""(), (21b)

@ Springer



642 J Math Chem (2009) 45:627-701

and each state |@ (¢, ...)) € XP¢ is a linear combination

n

ple...0) = D e | u (). k=1""(), @lc)

m
where ¢;, are unknown coefficients. In a matrix form expression (20a) reads

n
D em(sIVI@uk) =0, s=1.....p. k=21""(). (214d)

m

This is a set of p homogenous linear equations in  unknowns c,,. If n > p, for each
¢ € la, b] = [A(ky), M(kp)] combined system has at least 7 — p linearly independent
strongly singular eigenstates with the eigenvalue . Each such eigenstate is a linear
combination (21c) where coefficients c,, satisfy (21d). If n is large, the number of
strongly singular eigenstates can be substantial. For example, if instead of the discrete
parameter m one has a continuous parameter / (see expressions (B11) in the Appen-
dix B.2), then for each ¢ € [a, b] combined system has a c-infinite number of linearly
independent strongly singular eigenstates with this eigenvalue.

The set of all embedded strongly singular eigenstates with the eigenvalue ¢ € D
spans passive subspace X”¢~ of the space X?. According to (20a) this subspace is
a nullspace [10] of the operator VP?. It is the largest linear space, subspace of X",
such that no vector in this space interacts with the space X|). Orthogonal complement
of Xb¢~ in the space X’* is active subspace X?** of X?¢. Each vector in this space
interacts with the space Xj. Dimension of active subspace X be+ is at most p, while
passive subspace X”*~ can have any dimension from zero to including co.

In addition to active and passive spaces X?*T and X?*~ associated with the par-
ticular eigenvalue ¢ = A(k) € D, one can consider global active space X gj}‘ which is
orthogonal sum of all active spaces X?** as well as global passive space X”~ which is
orthogonal sum of all passive spaces X”~. In analogy to (A12b) those spaces satisfy
xb+ @ xb— = xb..

Consider now embedded weakly singular eigenstates. Those eigenstates satisfy
lp(e,...)) # 0 and conditions (19a) and (19b) are nontrivial. One finds that those
eigenstates may exist only for some isolated eigenvalues ¢ = ¢y € D. In addi-
tion, for each g9 € D one may have at most p such eigenstates (see Appendix A
and B.2). Hence the combined system may contain at most a finite number of such
eigenstates (or in some extreme cases a denumerable (R) number of such eigenstates).
Since each such eigenstate is orthogonal to all embedded strongly singular eigenstates,
those eigenstates satisfy |¢ (e, ...)) € xbeot,

One can have two kinds of embedded weakly singular eigenstates depending on
whether h(eg)|p(eg,...)) # 0 or h(gp)|p(eop, ...)) = 0. One finds that embedded
weakly singular eigenstates which satisfy h(egg)|¢(eo, ...)) # 0 do not contribute to
the properties of the open system Sg. This follows from the fact that such eigenstates
may exist only in some isolated points &y € D. The set of all such points is of measure
zero (at most Rg) and hence all relevant integrals over those eigenstates vanish.
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Another possibility is f(e,)|@(eq, ...)) = 0 and h(gy)|@(g4, ...)) = 0 for some
& = g4. Those expressions are recognized as relations (15a) and (16) which describe
isolated eigenstates of the combined system (see Sect. 6.2.4). Each point ¢ = ¢, where
there is a nontrivial state |¢) such that h(e;)|¢) = 0 as well as f(e;)|¢) = 0 is an
anomal point [8]. One finds that the general method described in the Appendix B.2
breaks down in anomal points, and in such a point the combined system may have one
or several isolated eigenstates [5—8].

To summaries, in the case of embedded singular eigenstates most numerous are
usually embedded strongly singular eigenstates which are given by expressions (20).
Those eigenstates are due to the degeneracy of the corresponding unperturbed eigen-
value and for each ¢ € D they span the nullspace of VP?. However, those eigenstates
have no component in the space X¢ and hence they do not contribute to the properties
of the open system Sg. On the other hand, embedded weakly singular eigenstates
which do have nonvanishing X} -component may exist only for some isolated eigen-
values ¢ = g9 € D. There is hence a limited number of such eigenstates. One finds
that to the properties of the open system Sg may contribute only those weakly sin-
gular eigenstates which are anomal. However, those eigenstates are isolated and they
are taken care by corresponding expressions which produce isolated eigenvalues and
eigenstates. In conclusion, embedded singular eigenstates do not contribute to the
properties of the open system Sg.

6.2 Embedded cardinal solutions

Embedded cardinal eigenstates of the combined system have nonvanishing fractional
shift (x(¢) # 0) and nonvanishing X component. Those eigenstates contribute to
the properties of the open system Sg and they can be obtained as a solution of the
fractional shift eigenvalue equation [8] (see Appendix B.2).

h(e) lga(e)) = Xa(e) £ (¢) lga(e)), (22a)
where h(¢) is given by (19c) and where
Xa(e) = —rr,82 cot(mxgq(e)), €€ D, d=1,2,...,r(e), r(e) <p. (22b)

For simplicity, in the above expressions is omitted dependence on the parame-
ter 8. On this parameter depend quantities h(e), |p4(¢)), X4(¢) and x4(¢), but not
f(e). Hence in an explicit full notation one should write h(¢) = h(e, B), |pa(e)) =
lpa(e, B)), Xa(e) = Xa(e, B) and x4(e) = xa(e, B).

Eigenvalue equation (22) produces X Z—components of cardinal eigenstates |4 (¢))
as well as the corresponding fractional shifts x;(¢). Index d is used to label multiple
fractional shifts associated with degenerate cardinal eigenstates. Fractional shift x;(¢)
is determined by the eigenvalue X,(e) of the fractional shift eigenvalue equation
according to (22b) and it is confined to the interval [1 — p, 1] [8].

l—p=xq) =1 (23)
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Since for each integer m one has cot(m (x4 (¢) +m)) = cot(wx,(¢)), expression (22b)
determines fractional shift up to an additive integer constant. No other quantity to be
derived in this paper is sensitive to this constant. Hence one can confine fractional shift
x4(¢) to the interval [0, 1). This is a principal value of a fractional shift. As empha-
sized in Sect. 3, in this paper it will be assumed that the fractional shift is confined to
its principal value.

Fractional shift x;(¢) in conjuncture with the corresponding eigenstate |@4(€))
of the fractional shift eigenvalue equation determines X'/ -component [Wg(e)) of the
embedded eigenstate |W,;(¢)) according to [8]

sin (wx;(g))

B/ (pa(e) If(e)] @a(e))

(Wi(e) = l9a(e)), (242)

Using (22b) one can express sin(wxg(¢e)) in terms of the eigenvalue X4 (¢) of the
fractional shift equation. Thus one finds

B

lpa(e)).
V2B + (Xa(e)* V{wa @) T (@) ¢a(e))

Fractional shift eigenvalue equation reduces to the generic eigenvalue equation if
Xa4(e) = 0, i.e. if fractional shift equals x4(¢) = 0.5. In particular, if ¢, = &,(B)
is an eigenvalue of the generic eigenvalue equation(15a) and if |6,) = |6,(B)) is
the corresponding eigenstate, than there is an eigenstate |¢,(¢)) = |¢, (e, B)) of the
fractional shift eigenvalue equation (22a) such that X, (¢,(8), 8) = 0 and (up to the
norm and phase) |6, (8)) = |¢r(e-(8), B)). Each solution to (15a) can be hence con-
sidered as a special case of solutions to (22a). Accordingly, one could obtain both,
isolated as well as embedded solutions, using only fractional shift eigenvalue equa-
tion. However, it is more convenient to use both equations in order to have a clear
separation between isolated eigenstates which are solutions of the generic eigenvalue
equation (15a) and embedded eigenstates which are solutions of the fractional shift
eigenvalue equation (22a).

As shown in a previous section, embedded singular eigenstates do not contribute to
the properties of the open system Sg. In addition to this difference between embed-
ded cardinal and embedded singular eigenstates, there is another important difference
between those two types of eigenstates. For each ¢ € D one may have at most p
linearly independent embedded cardinal eigenstates (see next section). Hence those
eigenstates can be labeled with discrete label d as |\W,(¢)) (as this is done in the
expression (22a)). On the other hand, strongly singular eigenstates may depend on
additional discrete and/or continuous parameters induced by the system Sf)’o. Each
embedded strongly singular eigenstate is hence of a general type |V (e, ...)) where
dots (...) represents those additional parameters, if any. In particular, for each eigen-
value ¢ € D the set of all strongly singular eigenstates spans the nullspace of VP? and
one may have an infinite number of such eigenstates (see Sect. 6.1.). It is fortunate that
those eigenstates are not required for the description of the open system Sz and that

Wi (o) =

(24b)
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(as far as properties of this open system are considered) embedded cardinal eigenstates
are sufficient.

6.2.1 Basic properties of the solutions to the fractional shift eigenvalue equation

In abase {|s)} € X Z fractional shift equation is a p X p matrix eigenvalue equation.
Standard p x p eigenvalue equation involving Hermitian matrix has p eigenvalues
and p orthonormalized eigenstates. However, fractional shift equation is a generalized
eigenvalue equation with Hermitian operator f(¢) on the right hand side of this equa-
tion. Hence for each ¢ the number r(¢) of linearly independent eigenstates |y (¢)) of
this equation may be anything from r(¢) = 0 to r(¢) = p. If h(¢) is regular (which is
usually the case) this number equals rank of the operator f(¢), i.e. r(¢) = rank(f(¢)).

In general, eigenstates |@4(¢)) of the fractional shift eigenvalue equation are not
orthogonal to each other. Hence usually (¥ (¢)|S*|W9, (¢)) # 0 (d # d'). Orthogo-
nal to each other are complete embedded eigenstates | W (¢)), but not necessarily their
X{-components. However, those components satisfy

(Wie) If(e)| WG (e)) =0, d#4d. (25)

This can be easily derived from (22a). Note further that all r (¢) embedded eigenstates
[Wa(e))(d = 1,...,r(e)) have the same eigenvalue ¢ and hence each linear combi-
nation of those eigenstates is again an embedded eigenstate of the combined system
with this eigenvalue. However, corresponding linear combination of the eigenstates
|pa(e)) of the fractional shift equation is usually not an eigenstate of this equation.
Each eigenstate |¢;(g)) of (22a) has well defined fractional shift x,(¢). Hence, unless
xq4(&) = xg(¢), linear combination a|p,(¢)) + b|ey (€)) is not an eigenstate of (22a)
and it has not well defined fractional shift.

In the analysis of the solutions to the fractional shift eigenvalue equation important
are some characteristic points ¢ € D. Those are singular, critical and resonant points
[8].

Singular points &9 € D correspond to embedded singular solutions of the combined
system. Each such solution satisfies x(¢9) = 0 and it describes perturbed eigenvalue
that in the limit n — oo coincides with some unperturbed eigenvalue (see Appen-
dix B.2). As shown in Sect. 6.1., singular solutions are treated by the Eq. 19. According
to (22b), fractional shift x;(g9) = O corresponds to the eigenvalue X;(gg) = £oo
of the fractional shift equation. Infinite value of X ;(gg) is not a proper eigenvalue of
this equation. This is consistent with the fact that fractional shift equation produces all
embedded cardinal solutions and no singular solution. However, one can consider some
singular solutions as a limit case of cardinal solutions. If Sli)rrgo Xa©)f(e)|pq(e))iswell

defined and finite and if lim X4(¢) = o0, one must have lim f(¢)|py(e)) = O.
e—>¢& £—>€0

In this case in a point ¢ = g( one has a singular solution. Accordingly, in addition
to embedded cardinal solutions fractional shift equation can (as a limit case) produce
some embedded singular solutions. Those solutions may exist only in some isolated
points xg € D.
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Second type of characteristic points are critical points. If the system Sfo contains
a single one-parameter eigenvalue band, operator f(g) has rank one for each interior
pointe € D, except possibly for some isolated points &, € D where this rank vanishes.
Such points were named critical points [8]. One can generalize the notion of critical
point to arbitrary system Sé’o where characteristic operator f (¢) may have any rank < p.
In general, global characteristic operator f(¢) can contain several characteristic oper-
ators £, (¢) which correspond to various eigenvalue bands. Rank r, (¢) = rank(f,(¢))
associated with the eigenvalue band v is constant for each ¢ € I, which is an interior
point in /,, except possibly for some isolated points . € I,. By definition, those
isolated points are critical points. This is a natural generalization of the notion of a
critical point from the case of a single one-parameter eigenvalue band to a general
case of several multiparameter eigenvalue bands.

Third type of characteristic points are resonant points. In a resonant point &, € D
operator h(e,) is singular. Hence there is at least one eigenstate | (g)) € XZ of
fractional shift eigenvalue equation such that h(e,)|ps(e,)) = 0. This expression is
the same as the generic eigenvalue equation (15a) where ¢, € D. There are two pos-
sibilities: either f(e,)|@qs(er)) # 0 or f(e)|pa(er)) = 0. If f(e,)|pa(er)) # 0 and
if the coupling B is sufficiently small, in some neighborhood of this resonant point
density p,(e) = (W7 (e)[S?|W](e)) of the X /“) -component of the embedded eigenstate
|W,4(e)) exhibits a strong resonance feature. This is a rational for the name resonant
point [8]. Another possibility is f(&,)|@4(g,)) = 0. If this is the case, the point ¢ = &,
is an anomal point. In such a point combined system may have one or several isolated
eigenstates [8]. In Sects. 6.2.3. and 6.2.4. those two possibilities are discussed in more
details.

6.2.2 Probabilities associated with embedded cardinal eigenstates

Component | \IJS (e)) of theembedded cardinal eigenstate |\, (¢)) determines all related
properties of the open system Sg. In particular, probability amplitude to find local state
|®y) in this eigenstate equals (O |S|W,(¢)) [8]. Hence and due to (24b) probability
density pg s () to find this state in the embedded eigenstate | W, (¢)) equals

B? (a(e) 1S ©y) (B4 1S%] gal(e))

J(8) = (O |S| W 2 =
Pas (&) = 1Oy SO = T K@) wa® () [ ga(e)

. (262)

One can also consider total probability C4 ¢ to find local state |®;) in any of the
embedded eigenstates |\W,; (¢)) corresponding to index d. By definition, this probability
equals

Cas = / Pas(E)de. (26b)

Of more practical interest is probability density o, (¢) to find local state |®;) in any
of the embedded eigenstates |, (e)) with the eigenvalue €. In other words, o (¢) is a
probability density to find local state |®;) with the eigenvalue ¢ € D:
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os(e) = D pas(e) = D (O IS| Wa(e))I?, (27a)
d d

Corresponding total probability S to find local state |®;) in any of the embedded
eigenstates of the combined system equals

Sy=> Cay= / oy (e)de. (27b)
d

In conjuncture with isolated eigenvalues ¢, and corresponding probabilities wy. s,
probability density oy (&) determines eigenvalue distribution (or spectral distribution)
of the local state |®;). In other words, if SZ is an open system and if one measures
eigenvalue of the local state |®;), one should find each isolated eigenvalue ¢, with the
probability w, ; and each embedded eigenvalue ¢ € D with probability density oy (¢).

In analogy to (18b) one can also consider probability density pg(¢) to find embed-
ded eigenstate |W,(¢)) in a local system S, i.e. to find this eigenstate in any of the
local states |®g). Due to (1¢) one has

B (@a(e) 1S ga(e))
2B + Xa(©)?] (wa(e) If (&) @ale))

pa(e) = pas(e) = [ (28a)

This equals norm of the X -component of the embedded cardinal eigenstate [¥/ (¢)):
pale) = (W5 (e) [ Wi (e). (28b)

Above expression is formally identical to the expression (18c).

Densities oy (&) have a direct physical interpretation. However, densities pg(g) are
more convenient mathematically since those densities are given by simple expressions
(28). For each ¢ € D those two densities satisfy

> os@) =D pale) (29a)
N d
Hence

> S=>Ca (29b)
K d

where

Ca=Y Cas= / pa(€)de. (29¢)
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6.2.3 Emergence of resonance in the case of the weak coupling

As shown in the Appendix E, if f (¢) is smooth in a point ¢ € D and if X;(¢e) = X4
(e, B) is nondegenerate, one has

0Xa(e. p) _ lpa(e, B) |B2dw(e)/de — 8 — Xu(e, p)df(e)/de| gu(z, B)

, (30
de (pa(e, ) If(e)| pale, B)) <0

where |pq4 (e, B)) is eigenstate of the fractional shift eigenvalue equation corresponding
to the eigenvalue X4 (e, 8). For clarity, in the above and in the following expressions
dependence on S is explicitly written.

Above expression is the rate of change of the eigenvalue X, (¢, B) of the fractional
shift equation with respect to parameter . Let the eigenvalue E; of S;)’ satisfy E5 € D
and let this eigenvalue be nondegenerate. If f(E)|®;) # 0 and if S is sufficiently
small, components [V (e, B)) € Xg of embedded eigenstates |\, (e, B)) can be in
the vicinity of the resonant point ¢ = &4(f) approximated as (see Appendix E)

|Wi(e. B)) ~

|Wi(e, B)) = P 165(B)) 8.4
/ 724 + ag(B)? (¢ — &5(B)) >N/ (s (B) [ (e5)] 5 (B))
(31a)
where
X, (e5(B), B)  (65(B)|S® — B*dw(ey)/des| 65(B))
s == = ) A s)s
a(P) 96, 6B 15 (B)) 16, B)) £ € Ales)
(31b)

and where |6;(B)) is the eigenstate and &4(B) the corresponding eigenvalue of the
generic eigenvalue equation (15a) that satisfy |6;(0)) = |®;) and &;(0) = E;. Since
E; is nondegenerate, generic eigenvalue equation has exactly one solution that satisfy
those conditions. Approximation (31) is valid in some (small) neighborhood A (gy) of
the point & = &¢(f). In particular, if ¢ € A(ey) and if d # s one has |[W] (e, B)) ~ 0.
According to (31a) probability density p4(e, B) = (\Ilg (e, B) IS| \Ilfi’ (e, B)) can be
approximated as

pa(e, B) ~ pY(e, B) = pl(e, B)oas, €€ Aley), (32a)
where
0 BZK(B) (05 (B) 1S 65 (B))
s = 5 KS == )
e = g e Bre—ad? P =6 B re6 3
(32b)
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and where a;(f) is given by (31b). Density ,0?(8, B) represents a universal resonance
curve [12] centered at the point & = &,(8) and with the width Ag;(8)

np? B2 (05 (B) If(e5)| 65(B))

Agg(B) = =
YO w® T BB 5 - Pdoede] 6 p)

(33a)

Height of this curve equals p? (&5, B) and it has the area w? B) = f ,o? (e, B)de

(05 (B) 18165 (B))
2 B2 (0s(B) f(es)| ()

Pl (es(B). B) = (33b)

(65(B) 1S?165(B)) _ Ks@B)
(65(B) 1821 65(B)) — B* (05(B) |dw(es) /des| 65(B)) — as(B)

wl(B) = (33¢)

The area w?(,B) is an approximation of a total probability to find any of the states
|®,) with the eigenvalue ¢ anywhere in the interval A (ey). Note that expression (33c) is
formally identical to the expression (18b) for the probability to find isolated eigenstate
|W,) in a local system Sy.

From the expression (31) one finds in a similar way probability densities o4, , (¢, B)
= |(©, |8 Wale, ,8))‘2 and o,(e, B) = X4 pa,p(e, ). Since B is small one has
165(B)) ~ 105(0)) = |®;). Hence those densities satisfy

oa,p (&, B) ~ p(e, B)S4, pSp s
op(e, B) =Dy pap(e, B) ~ %, B)Sps, &€ Aley). (33d)

In addition, in the case of small 8 expression (33c) implies w?(,B) ~ 1.

In conclusion, if E; € D is nondegenerate and if f(Ey) |®) # 0, for sufficiently
small interaction parameter 8 there is an embedded eigenstate |W(e, 8)) with the
property that component |‘~I!§l (e, ,8)) of this eigenstate exhibits a strong resonance
feature in the neighborhood A (g;) of the resonant point ¢ = &4(8), while X Z—compo—
nents of all other embedded eigenstates |, (e, B)) (d # s) are negligible in A(¢gy) [8].
In particular, probability density o (e, 8) to find local state |®;) with the eigenvalue
¢ € D exhibits a strong resonance feature in A(g). The same applies to the probabil-
ity density p (e, B) and one has pg (g, B) ~ o(e, B). This property is rational for the
name “resonant point” [8].

Similar results are obtained if Es; € D is degenerate. However, in this case there are
several eigenstates |6, (8)) of a generic eigenvalue equation that satisfy |6, (0)) = |Oy)
and one may have several closed spaced resonant structures corresponding to the
degeneracy of E; [8].

Emergence of resonance in the case of the weak coupling is usually derived within
the formalism of the time-independent perturbation expansion approach [1,2]. If a
system of particles interacts weakly with the field (such as e.g. electromagnetic field),
there are two main effects of such an interaction. First, due to this interaction each
eigenvalue E of this system shifts to a new position €. Second, this shifted eigenvalue
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is not sharp and it acquires the shape of the universal resonance curve [1]. As shown
above, both effects are correctly described within the small 8 limit of the suggested
approach.

6.2.4 Anomal points and isolated solutions

As shown in a previous section, if B is sufficiently small the width Agg(8) of the uni-
versal resonance curve (32b), as calculated according to (33a), is small. This implies
emergence of resonance in the case of small 8. However, if (6,(8) [f(s,)|6,(B))
is sufficiently small one may have small Aes(B) even for large B. Accordingly,
open system Sg may display a strong resonant features even in the case of strong
interaction with its surrounding. Such an extreme case is the case of anomal point
B = B where ¢, = &,(B,). In this point there is at least one eigenstate |6, (8)) of
the generic eigenvalue equation such that h(g,) |6,(8,)) = 0 and f(g,)|6,(Bs)) =
0. This implies (6,(B8,) [f(¢4)]|6,(B4)) = 0. Corresponding eigenvalue X, (&4, B4)
of a fractional shift eigenvalue equation can assume any value and fractional shift
xr (&4, Ba) 1s hence not well defined [8]. However, this case can be analyzed as a limit
ﬁlin}; @, (B)If(er)] 6-(B)). Let &-(B) be nondegenerate in the point 8 = f,. In the

a

process f — P, the width Aeg,(B) of resonance curve (32b) decreases, approximate
probability (33c) improves, and in a limit Ag,(8) — 0 it is exact. In this limit reso-
nant shape at the anomal point &, = &,(8,) becomes infinitely narrow and infinitely
high. One obtains qualitatively the same result in the case when ¢,(8) is degenerate
in the point B = f,. In general, such infinitely narrow and infinitely high densi-
ties correspond to one or several isolated eigenstates [8]. One finds that components
|\Ilf‘) € X7 of those eigenstates are given by expressions (15b,c) (see Appendix E).
Thus all cardinal isolated eigenstates, those with eigenvalues ¢, ¢ D as well as those
with eigenvalues ¢, € D, are described by the same expressions (15-16).

7 Completeness relations

As shown in the Appendix C, isolated eigenstates and embedded cardinal eigenstates
of the combined system satisfy

Zw,’s—i—SS:l, s=1,...,p, (34a)
-

where

s = [0 |8 )

2s, =Z/|(®S |89 Wa(e))[* de (34b)
d

Quantity w, is a probability to find local state |®;) in the isolated eigenstate
|W,) of the combined system, while S; is a probability to find this state in any of the
embedded cardinal eigenstate |W,(¢)) of the combined system. Relation (34a) thus
expresses the fact that one must find each local state |©) € X7 with certainly either in
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some isolated eigenstate |W, ) of the combined system, or in some embedded cardinal
eigenstate |W,(¢)) of this system.

Note that expression (34a) does not contain any contribution from embedded sin-
gular eigenstates. As shown in Sect.6.1, those eigenstates do not contribute to the
properties of the open system S;f.

Quantities w, ¢ and Sy are given by expressions (18a), (26a) and (27). Summing
expression (34a) over s one finds

Zwr'i‘zss:py (34¢)
r s

where probabilities w, = ZS w5 are given by expression (18b).

Expressions (34) are completeness relations. Those expressions are satisfied for
each value of the coupling parameter 8, however large. Expressions (34) thus provide
an efficient way for the verification of the suggested method [8].

8 Open two-dimensional quantum systems

Above, a general method for the exact treatment of open finite-dimensional quantum
system Sg was presented. However, of special importance are open two-dimensional
systems S5 [13]. In the case of such systems generic eigenvalue equation and frac-
tional shift eigenvalue equation simplify. For clarity, in the following expressions
dependence on the coupling parameter 8 will be explicitly shown.

Isolated eigenvalues and eigenstates of the combined system as well as resonant
points are solutions of the generic equation (15a). This equation has a nontrivial solu-
tion if and only if the determinant of the system vanishes. In a 2 x 2 case condition
|h(e,, B)| = 0 reads

lh(e, B)| = hi1(er, Phaz(er, B) — h1a(er, Ph2i(er, B) =0, (35a)

where
hsp(e. B) = Bwsp(e) + Agp — 5%, (35b)
are matrix elements of the operator h(e, 8) in the base {|s)}.
Hence
B lo(er)| + BT (e) + |A — 6,8 =0, (362)
where

T(e) =Tr(w(e) Tr(A —eS") — Tr (o(e)(A — eS89))
= wi1(e) (A — €S85,) + wn(e) (A1 — eS{)) — wia(e) (A2 — €S5))
—0)21(8) (A12 - 85‘112) . (36b)
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and where w;,(¢) are matrix elements of the derived operator w(s), while |w(¢)]
and |A — &S“| are determinants of w(e) and (A — &S%), respectively. Each solution
e = &(B) of (36a) is an eigenvalue of the generic eigenvalue equation. Once this
eigenvalue is obtained, the corresponding eigenstate |0,) = |6,(8)) is:

0,(B)) = hi2(er, B)I1) — h11(er, B) 12) . (37)

This applies to the usual case when either hi2(e,, 8) # 0 or hyi(er, B) # O.
However, if for some 8 = fg one has hiz(er, Bo) = 0 and A1 (e, Bo) = O, in this
case eigenvalue ¢, (o) is degenerate and each linear combination of |1) and |2) is the
corresponding eigenstate.

Ife-(B) ¢ D, eigenstate (37) determines X7 -component |\I/r“) of the isolated eigen-
state |\W,.) according to expressions (15b,c). If however &, (8) € D, one has an isolated
eigenstate in this point only if the additional condition (16) is satisfied. Provided this
is the case, X -component of this eigenstate is again given by expressions (15b,¢) and
the point € = ¢, is an anomal point.

Consider now solutions of expression (36a) from another point of view. This expres-
sion is quadratic in x = B2 and one can solve this expression for 8 to obtain two
solutions of a type B = B(¢)

—T'(e) £ /T(e)? — 4 |w(e)| |A — 59 2
B1,2(e) = ) (38a)
2 |o(e)|
The quantity
Ae) =T(e)? — 4|w(e)] |A — &S, (38b)

is discriminant [14] of the quadratic equation (36a). Since 8 must be real, solutions
(38a) existonly if A(e) > 0.In addition, the expression inside square brackets in (38a)
must be nonnegative. If this is the case, one has two solutions B 2(¢) if A(g) > 0,
one solution S(¢) if A(e) = 0 and no solution if A(e) < 0. One has also to consider
a special case |w(e)| = 0 when quadratic equation (36a) reduces to a linear equation
(in x = B?) with a solution

(e) = w if |w(e)] =0 (38¢)
ﬂs——r(e),l w(e)| =0. c

The same expression is obtained as the |w(g)| — 0 limit of the expression (38a).
Provided I'(¢) # 0 and provided the expression under the square root in (38c) is
nonnegative, parameter § is real and finite. This is an admissible solution to (36a).
However, if the expression under the square root in (38c) is negative, parameter g is
complex which is not an admissible solution.

Solutions (38) of a type 8 = B(e) are convenient mathematically since those solu-
tions are given in a closed form. However, physically are more important inverse
solutions of a type ¢ = () since each such solution is an eigenvalue of the generic
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eigenvalue equation. In general, one can have several solutions of a type ¢ = ¢(B)
while one can have at most two solutions of a type B = S(¢). Note that if § = 0
eigenvalues of the generic equation coincide with local eigenvalues E| and E5. Hence,
among all such solutions one must have two solutions ¢ = £1(f) and ¢ = &,(f) that
satisfy €1(0) = E1 and 2(0) = E», respectively.

Consider next fractional shift eigenvalue equation (22a). This equation has a non-
trivial solution if and only if determinant of a system vanishes. In the case of a two-
dimensional system S5 this implies

Xa(e, B)*If(e)l — Xa(e, BYE(e, B) + |h(e, B)l =0, &€ D, (392)
where

E(e, B) = Trh(e, B)Trf(e) — Tr [h(e, B)f(e)]
= h11(e, B) f22(¢) + haa(e, B) fi1(e) — hia(e, B) f21(e) — ha1 (e, B) fi2(e).
(39b)

and where |f(¢)| and |h(e, B)| are determinants of f(¢) and h(e, 8), respectively.
Solutions of the above equation are eigenvalues X, (e, B) of a fractional shift eigen-
value equation. Those eigenvalues must be real.
If [f (e)| # 0 expression (39a) has formally two solutions

E(e, B) £ VE(e, B2 — 41f(e)| |h(e, Al

Xi2(e, B) = 2|f(e)|

(40a)

The quantity
M(e) = E(e)> — 41f(e)] [h(e)], (40b)

is discriminant [14] of the quadratic equation (39a). Using definition (39b) and since
[f(e)] > 0, one finds I1(¢) > 0. The quantity (40a) is hence guarantied to be real
for each ¢ € D. In conclusion, if |f(g)| # 0 expression (39a) has two real solutions
with possible exception of some isolated points ¢ = g9 € D where I1(gg, 8) = 0 and
where this expression has only one real solution X (g9, ).

Another possibility is |f(g)| = 0. In this case expression (39a) has only one solution

lh(e, )l

X(e, B) = 5 )

it |f(e)| = 0. (40c)

The same expression is obtained as the |f(¢)| — 0 limit of the expression (40a).

One has |f(e)] = 0 for each ¢ € D if the system Sfo that interacts with the two-
dimensional system S5 contains a single one-parameter eigenvalue band [8]. In this
case for each ¢ € D combined system has at most only one embedded eigenstate.
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Once X, (e, B) is obtained as a solution of (39a), X7-component |\Ilj (e, ﬂ)) of the
embedded eigenstate |\, (g, B)) is given by expressions (24) where

lga(e, B)) = [h12(e, B) — Xa(e, B) fr2()]11) + [Xa(e, B) f11(e) — hi(e, P)112).
(41)

This is nondegenerate case. If however both coefficients in the above expression
are zero, eigenvalue X (¢, B) is degenerate and in this case each linear combination
of |1) and |2) is the corresponding eigenstate.

Note that in a resonant point ¢ = ¢, one has X;(&, ) = 0 either for d = 1 or for
d = 2. If this is the case expression (41) reduces to the expression (37).

9 Examples

Let me illustrate the above method with some examples. In order to cover various
aspects of open quantum systems, two different two-dimensional quantum systems in
the interaction with two different surroundings will be considered.

9.1 Example E1

As a first example consider the system S5 that is in the base {|s)} characterized by

matrices
{05 =025\ o (11 ol
A= (—0.25 0.6 ) = (0.1 1)’ (42a)

In order to illustrate most general case, this system is described by a generalized
eigenvalue equation (1a) where S* # I¢. Eigenvalues and eigenstates of this system are

E1 =0.25474, E, = 0.85536, (42b)

0.72621 0.62454
1®1) = (0.57942) 182 = (—0.82064) ’ (42c)
where |®;) are orthonormalized according to (1b).

In (42c) and in the following expressions I will freely mix bracket notation with a
standard vector notation. Strictly, this is not allowed and one should write, for exam-
ple, |©1) = 0.72621 |1) + 0.57942 |2), etc. Nevertheless, with a due caution one can
use slightly inaccurate notation (42c).

Let the surrounding of the system S5 contain a single eigenvalue band in the interval
D = 1) = [ay, b1] = [—1, 1] and let this surrounding contain no isolated eigenvalues
;. As emphasized in Sect.4, interaction of this eigenvalue band with the system Sy
is described by the characteristic operator f; (¢) which is identically zero outside the
interval /1 and which is nonnegative inside this interval. As an example of such an
operator consider
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a)
7 file) <
J f (e
N )
0, : 4 —
1wV dp=1,
fb) )/?4@&/Q
2 4 §1(8) ~ /////
' 4 ¢ [s)
11 7 //‘//
_ V577
1 0 l 1 g
&

Fig.1 Example E1. (a) Matrix elements f) (¢) of the characteristic matrix f(¢). (b) Eigenvalues &; (¢) of
the characteristic matrix. Eigenvalues E| and E; of the local system Sg are inside the range D

e e a1 qfy @ 1 ifeel
fit) =1 .o 1 =l o 0 10 otherwise ¥
f21 (&) f22 (e) q71 (&) /B €]

where qs(ll,) (¢) are polynomials

qﬁ)(e) = (2 - 1)2 (2¢? —2e + 1),

gVe) = (2= 1) (2 =26 +2), (43b)

3
a7 ©) = a5 () = (2 = 1)".

Matrix elements fs(;) (¢) are identical to polynomials qs(ll,) (¢) inside the interval I,
and they are identically zero outside this interval. Since Sgo contains only this sin-
gle eigenvalue band, one has f(¢) = fi(¢) and hence f;,(s) = S([i)(e). In Fig. la
are shown those matrix elements, while in Fig. 1b are shown eigenvalues & (¢) and
&> (e) of the characteristic matrix f(¢). Since polynomials qill,) (¢) are zero on both
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end-points of the interval I7, those matrix elements and eigenvalues are continuous
at those end-points and they vanish outside the range D. As required, eigenvalues
& (e) are nonnegative (see Fig. 1b). Diagonal matrix elements f;;(¢) of f(¢) are also
nonnegative (see Fig. 1a). Rank of matrix f(¢) equals two for each interior pointe € D
(excluding end-points a; = —1 and b; = 1 of this interval), except for the critical
point ¢ = ¢, = 0.38197 where rank(f(e.)) = 1 and where eigenvalue &;(¢) of f(¢)
vanishes: & (e.) = 0.

2 ifeeD&e#e.
rank (f(e)) = 11 if ¢ = ¢, = 0.38197 (44)
0 ifeeD

Since for almost each ¢ € D one has rank(f(¢)) > 1, this characteristic matrix
corresponds to multiparameter eigenvalue band. The case of the interaction of a sys-
tem S;’ with a system Sé’o that contains a single one-parameter eigenvalue band is
considered elsewhere [8].

In Fig. 1b are also shown eigenvalues E; and E of the (closed) local system S5
Both eigenvalues are contained inside the eigenvalue band /; of the system S(l;o.

Once characteristic matrix f; (¢) is known, corresponding derived matrix w(e) is
given by expressions (10). In particular, since matrix elements of f; (¢) are polynomials
inside the interval D = I, one can use expressions (11) to obtain:

£ 1) (&),
— g, (452)

1
€+1 ‘ giz) (e),

C()“)(E)) _ q]l)(g) In 8+l‘

(1)

w3y (e) = g3y () In | ££L

a)ilz) () = a)zl)(s) = ‘112) () In

where qg) (e) are polynomials (43b), while g§11,) (e) are polynomials:

14 20 6 32
g11)(8) =4e% —4e* — S+ g2 — g~

3 3 57 15
2520 28 32
) 2
8 (&) = 265 —4e* + gg + = 3 _ ?8 - = 45b)
16 22
gilz)(g) = gzl)(é‘) =2¢° 3 63 + ?8.

Since f(¢) = fi(¢) one has w(¢) = w(¢). In Fig.2a are shown matrix elements
wsp(€), while in Fig. 2b are shown eigenvalues 11 (¢) and w2 (¢) of the derived matrix
w(e). All those quantities are finite and continuous functions of ¢ for each real ¢,

including end-points a; = —1 and b; = 1 of the interval /;. This follows from the
property linb (xIn(x)) = 0 and from the fact that matrix elements of the operator
X—>

f| (¢) are polynomials that vanish at those end-points [7]. Note further that in accord
with the requirement (14b), both eigenvalues are decreasing functions of ¢ for each
e ¢ D =[—1, 1]. However, if ¢ € D those eigenvalues may be decreasing as well as
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Fig. 2 Example E1. (a) Matrix elements wgp (¢) of the derived matrix @ (). (b) Eigenvalues 1 (¢) of the
derived matrix ®(e)

increasing functions of ¢ (see Fig.2b). The same applies to diagonal matrix elements
wys (&) of the derived matrix w(e) (see Fig. 2a).

Generic eigenvalue equation (15a) produces all cardinal isolated solutions of the
combined system and all resonant points. In the case of a two dimensional system S5,
this equation reduces to the Eqgs. 36 and 37. Equation 36 produces eigenvalues of the
generic eigenvalue equation while Eq. 36 produces all the corresponding eigenstates.

Solutions of the Eq. 36 of a type ¢ = &(B) are shown in Fig.3. There are six
such solutions: eg1(8), er2(B), €1(B), €2(B), er1(B) and e17(B). Those solutions are
eigenvalues of a generic eigenvalue equation considered as functions of the coupling
parameter 8. Eigenvalues inside the range D are resonant points, while eigenvalues
outside this range are isolated eigenvalues of the combined system.

If there is no interaction (8 = 0) eigenvalues of the generic equation reduce
to local eigenvalues. In particular, one has eg1(0) = E| and er2(0) = E>. Both
eigenvalues are contained in the range D. As the coupling 8 increases, those two
eigenvalues change as continuous functions eg1(8) and eg2(8). For small 8 one has
er1(B), er2(B) € D and those eigenvalues are resonant points. However, if the cou-
pling is as strong as 8 > Bg one has eg2(B) ¢ D and this eigenvalue becomes right
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Fig. 3 Eigenvalues ¢,(B) of the generic equation considered as functions of the coupling 8. Eigenvalue
distributions of local states |®y) for the coupling B corresponding to lines (a) and (b) are shown in Figs. 5
and 6, respectively. For details see text

isolated eigenvalue of the combined system. Also, if 8 > Bg1 one finds eg1(B) ¢ D
and this eigenvalue becomes another right isolated eigenvalue of the combined sys-
tem. As > Bgi further increases, isolated eigenvalues ez1(8) and eg2(8) continue
to increase. This is in accord with expressions (14) and (17) that imply deg /98 > 0
for each right isolated eigenvalue ep € Ii ¢ht Where Ii ¢ht 18 extreme right subinterval
of D (see Sect.5). In the above example I_r,-gh, = (b1, 00). Hence for each 8 > Br;
combined system has two right isolated eigenvalues. This is maximum number of
extreme right isolated eigenvalues that combined system with p = 2 may have.

In the points Bg1 and Bg2 one has ¢ = b; = 1. Inserting this value into (36a) and
using expressions (45) (which imply w11(1) = 4/3, w2 (1) = 12/5 and w2(1) =
—16/15) one finds

2.06222 - B4 =272 B2 4+0.1175=0 (46a)

This is quadratic equation in the unknown x = B2. Since f > 0 there are two
solutions, Bg> = 0.21146 and Bg; = 1.12883.

Consider now remaining four eigenvalues e1,1(8), €12(8), €1(B) and £;(8). Note
that e71(B) and €1(B) are two branches of one and the same analytic function 8 =
Bi1(e), while e7,(B) and e>(B) are two branches of another analytic function 8 =
Ba2(e). It is more convenient to analyze those functions in a form 8 = B;(¢) and
B = Ba(e) using expressions (38). Condition dB;(¢)/de = 0 determines the point
(B1,e1) = (0.67519, —0.76673) while condition dB; (¢) /de = 0 determines the point
(B2, £2) = (0.47058, —0.63563). Eigenvalues 71 (8) and ¢1(B) exist only if 8 > B
while eigenvalues €75 (8) and &> (¢) exist only if 8 > B,. For each 8 (where defined)
eigenvalues €1(8) and e>(fB) are inside the range D and hence these eigenvalues are
resonant points. Concerning eigenvalues €71(8) and €72(f8), as B increases one has
atfirster1(B), e22(B) € D and those eigenvalues are resonant points. However, if the
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couplingis as strong as 8 > B2 onehas er2(B) ¢ D and this eigenvalue becomes left
isolated eigenvalue of the combined system. Also, if 8 > B one finds €.1(8) ¢ D
and this eigenvalue becomes another left isolated eigenvalue of the combined system.
As B > Br further increases, isolated eigenvalues €71(8) and £7,(8) continue to
decrease. This is in accord with expressions (14) and (17) that imply dez /9 < O for
each left isolated eigenvalue ¢; € I_lef, where I_lef, is extreme left subinterval of D.
In the above example I_left = (—o0, ay). Hence for each § > B1 combined system
has two left isolated eigenvalues. This is maximum number of extreme left isolated
eigenvalues that combined system with p = 2 may have.
In the points Bz and 1, one has ¢ = a; = —1. In analogy to (46a) one finds

7.18222 - B* — 9.06667 - B* +2.5375 = 0. (46b)

which implies Bz, = 0.64717 and Bz = 0.91845.

Figure 3 provides detailed interaction landscape of the open system 83 that inter-
acts with its surrounding (system Sfo). Note that left isolated eigenvalues e11(8)
and €7, () cannot be derived by any standard perturbation expansion method. Those
eigenvalues do not exist in the point 8 = 0 and hence no perturbation expansion in
this point can reproduce those eigenvalues.

Once eigenvalues eg1(B), er2(B), er1(B) and €12 (B) are obtained as a solution of
(36a), one can derive corresponding isolated eigenstates according to (37) and (15b,c¢).
Those eigenstates determine all related properties of the combined system. In particu-
lar, probabilities w, ; and w, = w,,1+w, 2 are given by expressions (18). Those proba-
bilities are shown in Fig. 4. In Fig. 4a are shown probabilities wg1 s = |(®S \S" | Ypri ) | 2
to find right isolated eigenstate |Wg;) in a local state |®;), as well as global proba-
bility wg1 = wg1,1 + wg1,2 to find this eigenstate in a local system 87. Since right
isolated eigenvalue eg(fB) exists only if 8 > Br1 = 1.12883, those probabilities
are zero if B < Bri1. As B continuously increases from g = 0, in a point 8 = Bgi
those probabilities discontinuously jump to wgi(Br1+) = 0.44324, wg1 1(Br1+) =
0.43952 and wgi2(Br1+) = 0.00372, respectively (see Fig.4a). Similarly, right
isolated eigenvalue er>(B) exists only if B > Brr = 0.21146. As B continuously
increases, in this point corresponding probabilities discontinuously jump from zero
to wr2(Br2+) = 0.81727, wgr2,1(Br2+) = 0.00026 and wg2 2(Br2+) = 0.81701,
respectively (see Fig.4b). In Fig.4c and d are shown corresponding probabilities for
left isolated eigenstates |V 1) and |Wy2), respectively. Probabilities wy1 and wr g,
considered as functions of coupling parameter g, are zeroif 8 < Br; = 0.91845 andin
this point those probabilities discontinuously jump to values wy1(8r1+) = 0.17524,
wr1,1(Br1+) = 0.17171 and w1 2(Br1+) = 0.00353, respectively (see Fig.4c).
Similarly, probabilities wy > and wy» s, considered as functions of coupling parameter
B, are zero if B < Br> = 0.64717 and in this point those probabilities discontin-
uously jumps to the values wr2(Bra+) = 0.18305, wrz.1(Br2+) = 0.00787 and
wr2.2(Br2+) = 0.17518, respectively (see Fig. 4d).

It remains to determine whether the combined system contains any anomal point
where this system could also have an isolated eigenstate. Each anomal point ¢ = &,
is an interior point of a range D and in this point one must have a nontrivial state |6.)
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Fig. 4 Probabilities w, 5(8) = |(O;|S I\Il,(ﬁ))\2 to find isolated eigenstate |V, (f)) in a local state |®y)
and probabilities w, = w, 1 4w, to find this eigenstate in the system S‘ZI (a) Probabilities corresponding
to the eigenstate |[Wg1). (b) Probabilities corresponding to the eigenstate [W g7 ). (¢) Probabilities corre-
sponding to the eigenstate |V 1). (d) Probabilities corresponding to the eigenstate Wy )

that satisfies f(e.) |6.) = 0 as well as h(e,.) |6.) = 0. First condition implies that in
this point rank of a characteristic matrix f(¢) must be smaller than the dimension p of
the space X¢. According to (44), only a point ¢ = &, = 0.38197 has such a property.
Second condition implies that an anomal point must be a resonant point that satisfies
(36a). The solution 8 = B(¢) of (36a) is given by (38a). Inserting ¢ = &, into this
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Fig. 5 Eigenvalue distributions of local states |®1) and |®5) in the case = 0.1. Those distributions
correspond to the line (a) in Fig. 3. (a) Probability densities o (¢, 0.1) and 07 (¢, 0.1) are sharply localized
inside the range D at positions € g1(0.1) and g2 (0.1), respectively. (b) Probability density o (¢, 0.1) and
universal resonance curve p?(a, 0.1) highly magnified. (c) Probability density o> (&, 0.1) and universal reso-

nance curve ,og(s, 0.1) highly magnified. (d) Vertical scale in Fig. 5a highly magnified. Densities oy (¢, 0.1)
deviate from the ideal shape of the corresponding universal resonance curves p? (,0.1)

expression one finds only one real solution 8. = 0.32611. Geometrically, the point
(Be, €c) 1s on the intersection of the line ¢ = &, and of the function ¢ = ¢g1(B) (see
Fig.3). This is the only candidate for the anomal point. Using (37) one finds that the
state |6.) which satisfies h(e.) |6.) = 0 does not satisfy f(e.) |6.). The point ¢ = &,
is hence not an anomal point. In conclusion, the system S, contains no anomal point
and hence no isolated eigenstate with the eigenvalue ¢, € D.

Consider now cardinal embedded solutions of the combined system. Fractional shift
equation (22a) produces all such solutions. In a 2 x 2 case this equation reduces to Eqs.
39 and 41. In particular, eigenvalues X (¢, ) of a fractional shift eigenvalue equation
are solutions to the Eq. 39. Those solutions are given in the explicit form (40). This
determines eigenvalues X,(¢g, B) of a fractional shift equation for each ¢ € D. Once
this eigenvalue is known, the corresponding X Z -component |\l'fj (e, ,8)) of the embed-
ded eigenstate | W, (g, B)) is given by expressions (41) and (24). This component deter-
mines all related properties of the open system Sg. As an example, in Fig. 5 are shown
eigenvalue distributions of local states |®1) and |®,) in the case g = 0.1. Those dis-
tributions corresponds to the line (a) in Fig. 3. For this value of 8 combined system has
no isolated eigenstate and those distributions are completely determined by densities
05(e,0.1) = p1,5(e,0.1) + p2.5(g,0.1) where pg 5(e,0.1) = [(O [S| Wyu(e, 0.1))|2.
As shown in Sect.6.2.2, o,(e, B) is a probability density to find local state |®;)
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with the eigenvalue ¢ € D. Due to the relatively weak interaction of the system
S; with its surrounding, initial unperturbed eigenvalues E; € D of S5 are only
slightly shifted to the new positions &,(0.1) (see Fig.5a). Since £,(0.1) € D, those
shifted eigenvalues are not sharp and they acquire the shape of the universal reso-
nance curves p?(e, 0.1) as given by expression (32b). The widths of those two reso-
nant curves calculated according to (33a) are Ae1(0.1) = 0.00137 and Ag>(0.1) =
0.00143, respectively. Those widths are quite small and densities o (e, 0.1) are hence
well approximated with the corresponding universal resonance curves ,o? (6,0.1). In
particular, density oq(e, 0.1) has a prominent resonant shape centered at the poin
te = eg1(0.1) = 0.26749, while density o2 (e, 0.1) has a prominent resonant shape
centered at the point ¢ = gg2(0.1) = 0.89403. In Fig. 5b is shown density o1 (e, 0.1)
magnified. Approximate density (710(8, 0.1) is also shown. On this scale there is
virtually no difference between exact density o1(g, 0.1) and approximate density
010 (e, 0.1). InFig. 5c are in the same way compared densities o3 (¢, 0.1) and Ug (e,0.1).
Further, one finds S;(0.1) = [o(g,0.1)de = 1 and $»(0.1) = [02(g,0.1)de = 1.
Concerning component probabilities Cy4(0.1) = f pd.s(€,0.1)de, one has
C1,1(0.1) = 0.94312 and C;2(0.1) = 0.05688. Density o (e, 0.1) is hence essen-
tially density of the state |®;) which interacts with its surrounding. Similarly one
finds C22(0.1) = 0.97613 and C3,1(0.1) = 0.02387. Density o2(g, 0.1) is hence
essentially density of the state |®>) which interacts with its surrounding.

Densities o1 (e, 0.1) and o7 (¢, 0.1) have only approximately the shape of the uni-
versal resonance curve. This is shown in Fig. 5d which is the same as Fig. 5a, but with
vertical scale highly magnified. On this scale one can see that those densities deviate
from the universal resonance curve. However, since § = 0.1 is small the difference
between exact densities oy (g, 0.1) and approximate densities O’SO (¢, 0.1) is in absolute
scale negligible.

As another example, in Fig. 6 are shown spectral distributions of local states |®y)
for the value B = 0.4. This value corresponds to the line (b) in Fig. 3. This is relatively
strong coupling and probability densities oy (¢, 0.4) do not resemble universal reso-
nance curves situated at corresponding resonance points. For this value of 8 standard
perturbation expansion fails. Solving fractional shift eigenvalue equation and using
expressions (26-27) one finds S1(0.4) = fal (e,0.4)de = 0.99897 and S,(0.4) =
f o02(e,0.4)de = 0.26610. Unlike in the case § = 0.1, those probabilities are less
than one. In the case B = 0.4 in addition to embedded eigenstates combined system
contains an isolated eigenstate |Wg2) with the eigenvalue €g2(0.4) = 1.24735 (see
Fig.3). Missing probabilities are due to this eigenstate. Using expressions (18) one
finds wg2,1(0.4) = 0.00103 and wgr22(0.4) = 0.73390. As required by the com-
pleteness relation (34a), those probabilities satisfy S1(0.4) + wg2,1(0.4) = 1 and
$2(0.4) + wgr2,2(0.4) = 1.

In two previous examples probabilities S1(8) and S>(B8) for two values of the cou-
pling parameter 8 (8 = 0.1 and 8 = 0.4) were given. In Fig.7 are shown those
probabilities as functions of 8 for the interval g € [0, 2.2]. In particular, in Fig. 7a is
shown probability S;(B) = Ci,1(B) + C2.1(B) to find local state |®1) in any of the
embedded eigenstates of the combined system. Component probabilities Cy 1(8) =
f {O1 S| W, (e, ﬂ))|2d£ are also shown. In Fig.7b is shown probability S>(8) =
C12(B) + C22(B) to find local state |®7) in any of the embedded eigenstates of
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Fig. 6 Eigenvalue distributions of local states |®1) and |®5) in the case B = 0.4. Those distributions
correspond to the line (b) in Fig.3. In addition to embedded eigenstates, combined system contains an
isolated eigenstate |V g2 (0.4)) with eigenvalue € g7 (0.4). (a) Eigenvalue distribution of local state |®1). (b)
Eigenvalue distribution of local state |®5>)

the combined system as well as corresponding component probabilities Cy 2(8) and
C12(B). If B < Br2 combined system has no isolated eigenstates. Hence S1(8) =
S$2(B) = 1. In addition, if 8 is small each probability S;(8) is dominated by one of its
component probabilities Cy (B). This is the case with the point § = 0.1 analyzed in
more details in Fig. 5. As B continuously increases, in the point 8 = g2 combined sys-
tem obtains right isolated eigenstate |V r>). At this point probability S»(8) drops from
the constant value S>(8) = 1to S>2(Bra+) = 0.18299. This is compensated for by the
probability wgs 2(Br2+) = 0.81701 to find right isolated eigenstate | Wg» ) in the local
state |®7) (see Figs.4b and 7b). However, since probability wg2 1(Br2+) = 0.00026
is very small, there is no noticeable drop in the probability S7(Br>+) at this point (see
Fig.7a). If B > Br2 standard perturbation expansion fails. This is the case with the
point 8 = 0.4 analyzed in more details in Fig. 6. In general, probabilities S;(8) and
S2(B) discontinuously change at points 8 = Bg2, B = Br2, B = Br1 and B = Bri
where the combined system, considered as a function of 8, acquires isolated eigen-
states.

Completeness relations for the couplings 8 = 0.1 and § = 0.4 were verified in
Figs.5 and 6, respectively. Those relations are verified in a systematic way in Fig. 8.
In Fig. 8a probabilities S1(B) to find local state |®1) in any of the embedded eigen-
states of the combined system as well as probabilities wg1,1(B8), wr2,1(B), wr1,1(B)
and wy2,1(B) to find this state in various isolated eigenstates of the combined system
are plotted as functions of a coupling parameter §. A sum of all those probabilities is
also shown. As required by the completeness relation (34a), this sum equals one for
each value of 8. In Fig. 7b are in the same way plotted probabilities S>(8), wgri,2(8),
wr2,2(B), wr1,2(B) and wy 2 2(B) that correspond to the local state |©7). The sum of
those probabilities also equals one for each value of 8. Complete agreement of those
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Fig.7 Probabilities Sy (8) = C1 5(B)+ C2 4 () to find local state |®; ) in any of the embedded eigenstates

of the combined system and corresponding component probabilities Cy ¢ (8) = f (OgIS W, (e, B)) |2 de.
(a) Probability S1(8) and component probabilities C1,1(8) and C3 1(B). (b) Probability S>(8) and com-
ponent probabilities C1 2 (B8) and C3 2(B)

probabilities with the requirements of the completeness relations provides a strong
verification of the suggested method. However, this method can be also verified in an
explicit direct way [5,6].

9.2 Example E2
As another example consider the system S5 characterized by matrices
_( 05 =025 «_ (1.1 0.1
A= (—0.25 1.6 ) 5= (0.1 1)’ (472)
Those matrices are identical to matrices (42a) of the example E1, except for a sin-

gle matrix element of the matrix A. Eigenvalues and corresponding eigenstates of the
system S5 are now
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Fig. 8 (a) Verification of the completeness relation for the eigenvalue distribution of a local state |©1).
(b) Verification of the completeness relation for the eigenvalue distribution of a local state |®5>)

E; = 039164, E, = 1.72763, (47b)
0.91093 0.29604
O = (0.21799) > 1020 = (—0.98064)’ “7¢)

where |®;) are orthonormalized according to (1b).

Let the infinite system SCI,’0 that interacts with the above system S5 contain two
eigenvalue bands in the intervals I = [a1, b1] = [—1, 1] and I = [a2, b2] = [2, 3],
respectively. Let further this system contain an isolated eigenstate |®) with the eigen-
value Ag = 1.2. Assume that the characteristic operator f|(¢) which describes the
interaction of the first eigenvalue band with the system S5 is given by matrix ele-
ments (43), while the characteristic operator f;(¢) which describes the interaction of
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the second eigenvalue band with the system S5 is given by matrix elements

2@ e a7 @ g3 @) Il ifeeh

f — =
2() Hle B HONEAC

(48a)

0 otherwise

where ¢ ,,) (¢) are polynomials

a2 (&) = (e —2)? (262 — 146 + 25) ,
4 @) = (e —2)% (2 -8 +17), (48b)
g5 @) =g5(e) = (27 (e —4).

Let further the characteristic matrix F(x) which describes the interaction of the eigen-
state |®p) with the system S be given by

F(e) = (_053 _(ff) TICEROF (49)

In Fig.9a are shown matrix elements f,(¢) of the global characteristic matrix
f(e) = fi(e) + f2(¢) + F(e). Local eigenvalues E| and E, are also shown. Interac-
tion of the system S5 with the system sj,’o described by this characteristic matrix is
much more complex than in the previous example. There are several new features.
First, the system Sfo has two (nonoverlaping) eigenvalue bands in the intervals I
and I, respectively. In particular, one has f(¢) = f1(¢) if ¢ € I} and f(e) = f,(¢) if
e € I,. Second, characteristic matrix f(e) is not continuous in the point ¢ = by = 3
on the right edge of the interval /5. Third, local eigenvalue E> ¢ D is outside the
range D = I} U I, while in the previous example both eigenvalues of the isolated
system Sg were contained inside the range D. Finally, the system Sé’o has an isolated
eigenvalue at the point ¢ = Ag = 1.2 ¢ D and in this point characteristic matrix f(¢)
diverges.

Eigenvalues & (¢) and &;(¢) of f(¢) are shown in Fig. 9b. As required, those eigen-
values are nonnegative and they vanish outside the range D and outside the point
& = Ao. Rank of matrix f(¢) equals two for each interior point ¢ € D, except for the
critical point ¢, = 0.38197 € D where rank(f(e.)) = 1. This is the same critical
point as in the example E1. In addition, this rank equals two in the point ¢ = Xg.

Consider next global derived matrix w(e) = wi(¢) + wa(¢) + R(e). Matrix ele-
ments of the derived matrix w;(e) associated with the eigenvalue band v = 1 are
given by expressions (45). Since matrix elements of the characteristic matrix f,(¢) are
polynomials inside the interval I, one can again use expression (11) to obtain:

CIPRNC) PR Ll )
o[ (e) =q,7(e)In —3| 8 (&),
-2
0% (&) = 45, (&) ln — ‘ — 8% (o),

@ Springer



J Math Chem (2009) 45:627-701 667

o)
~ fu ()
o

S (&)

)
2_f22(5> E, E,

1 _ Ju(€)

[ )
P
[N

¢4

&

Fig. 9 Example E2. (a) Matrix elements fsp(¢) of the characteristic matrix f(¢). Those matrix elements
vanish outside the range D = I U and excluding the point ¢ = A¢. Eigenvalue E of the local system Sg
is inside the range D while eigenvalue E7 is outside this range. (b) Eigenvalues &g (¢) of the characteristic
matrix

2 2 2
a)iz) (e) = a)él) = qb) () In

e—2 )
m‘ — 812 (&), (50a)

where qg,) (e) are polynomials (48b), while gg) (e) are polynomials:

140 121
gﬁ)(s) =26 — 1762 + Ts -3
19 88 109
(2) 3 2
—3_ 7 —e— —, 50b
8 (e) =¢ 28+38 2 (50b)

15, 52 157

(2) _ ,@ 3
g1 () =gy (e)=¢ —784-38 7

Since f>(¢) is nonzero in the point ¢ = by = 3 on the right edge of the interval I,
those matrix elements diverges in this point [8]. Finally, using (12) and (49) one finds
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Fig. 10 Example E2. (a) Matrix elements wsp (¢) of the derived matrix ®@(¢). (b) Eigenvalues p(¢) of
the derived matrix ®W(g)

derived matrix (&)

(05 —03\ 1 [1 ife#x
9(8)_(_0.3 0.2)'5_%[0 ife =g oD

In Fig. 10a are shown matrix elements wy,(¢) of the global derived matrix w(e) =
w1(e) + wa(e) + L(e), while in Fig. 10b are shown eigenvalues 11(e) and w2 (¢)
of this matrix. Matrix elements wy,(¢) diverge in a point & = b, where characteris-
tic matrix f(¢) is discontinuous and their ¢ — A¢ limits diverge in a point ¢ = Ag
where a system Sfo (surrounding) has an isolated eigenvalue. Eigenvalues (1 (¢) and
n2(€) of w(e) have the same properties in those points. In accord with the requirement
(14b), both eigenvalues are decreasing functions of ¢ for each e ¢ D = I} U I and
& # Ao. However, in the interval /] as well as in the interval I, those eigenvalues can
be decreasing as well as increasing functions of ¢. In the point ¢ = A those eigen-
values are not continuous and in this point they have the values 1¢1(1o) = 0.27462 and
n2(ro) = 1.71374, respectively (see Fig. 10b). The same general behavior applies to
diagonal matrix elements w1 (¢) and wy> (¢) of the derived matrix w(e) (see Fig. 10a).
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Fig. 11 Eigenvalues ¢, (8) of the generic equation considered as functions of the coupling . Eigenvalues
inside the range D are resonant points, while eigenvalues outside this range are isolated eigenvalues of the
combined system. Eigenvalue distributions of local states |®;) for the coupling 8 corresponding to the line
(a) is shown in Fig. 15

Generic eigenvalue equation (15a) produces all isolated eigenstates and all reso-
nant points of the combined system. In the case of a two dimensional system S5 this
equation reduces to the Eqgs. 36 and 37. Solutions of the Eq. 36 of a type ¢ = () are
shown in Fig. 11. There are 12 such solutions: eg1(8), eg2(B), €1(B), €2(B), eL1(B),
e12(B), 21(B), A2(B), E1(B), E2(B), di(B) and dr(B). If B = 0 eigenvalues of the
generic equation coincide with local eigenvalues. In particular, one has E1(0) = E
and E»(0) = E;. In addition, generic equation has two eigenvalues thatina § — 0
limit coincide with isolated eigenvalue ¢ of the Sfo system. Those are eigenvalues

A1(B) and 22(B):

gi_r)no)»l(ﬂ) = gi_)mo)»z(ﬂ) = A0- (52)

Consider eigenvalues E((8) and E>(B) in more details. Since E1(0) € D, for small
B eigenvalue E|(B) is contained in the range D. It is hence a resonant point. Using
expression (38) one finds that this is true for each f, however large. On the other
hand, since E>(0) ¢ D for small g one has E>(8) ¢ D. This eigenvalue is hence an
isolated eigenvalue of the combined system. However, if the coupling 8 is as strong
as B > PBg2 one has E»(B) € D and this eigenvalue becomes a resonant point.
In the point 8§ = Bgs one has ¢ = a, = 2. Inserting this value into (38a) one finds
Brr = 0.92203.

Consider next eigenvalues €1.1(8), €2(B), €1(B) and &(B). Eigenvalues e11(8)
and &1(B) are two branches of one and the same analytic function 8 = B(¢), while
e12(B) and g7 (B) are two branches of another analytic function 8 = B2(¢). One can
analyze those functions in a form 8 = S (¢) and 8 = B2 (¢) using explicit expressions
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(38). Condition dB; (¢) /de = 0 determines the point (81, €1) = (0.75300, —0.76789)
while conditiondB, (g)/de = 0 determines the point (B2, €2) = (0.52241, —0.66072).
Eigenvalues e 1(8) and &1 (B) existonly if 8 > B while eigenvalues e72(8) and &5 (¢)
existonly if B > B,. For each 8 (where defined) eigenvalues ¢ (8) and &5 (¢) are inside
the range D and hence these eigenvalues are resonant points. Concerning eigenvalues
er1(B) and g1, (B), for small B those eigenvalues are resonant points. However, if the
coupling is as strong as 8 > B, eigenvalue €7, (B) becomes left isolated eigenvalue
of the combined system, while if 8 > S eigenvalue €71(8) becomes another left
isolated eigenvalue of the combined system. As § > B further increases, isolated
eigenvalues e71(B) and e7,> (B) continue to decrease. This is in accord with expressions
(14) and (17) that imply dey /08 < O for each left isolated eigenvalue ¢;, < a; = —1
(extreme left subinterval I_left of D is I_lefl = (—o00, ay)). Hence for each > B
combined system has two left isolated eigenvalues. In the points 81 and ;> one has
& = a; = —1. In analogy to (46) one finds 87, = 0.69110 and B = 0.98637.

Concerning eigenvalues eg1(8), eg2(B), d1(B) and d2(fB), one finds that gy (B)
and er2(B) are right isolated eigenvalues while d;(8) and d» () are resonant points.
In analogy to the left isolated eigenvalues, as 8 increases right isolated eigenvalues
er1(B) and eg2(B) monotonically increase. Hence for sufficiently big f combined
system has two right isolated eigenvalues. For small g those eigenvalues asymptoti-
cally approach the value ¢ = by = 3. For example, if 8 ~ 0.94 one has egi(8) ~
3.001 and d;(B) ~ 2.999, while if 8 decreases to B = 0.70167 one has eg1(8) =~
3.000001 and d; (B) & 2.999999. Similarly, if 8 & 0.278 one has eg2(8) ~ 3.001 and
dy(B) =~ 2.999, while if B decreases to 8 = 0.19069 one has g, () ~ 3.000001 and
dr(B) ~ 2.999999. This asymptotic behavior is due to the fact that matrix elements
of the characteristic operator f(¢) are discontinuous in the point ¢ = by = 3 [8].

Consider finally eigenvalues A1 (8) and A>(8). According to (52), in alimit 8 — 0
those eigenvalues converge to the isolated eigenvalue Ly = 1.2 of the infinite system
Sfo. Since A9 ¢ D, for sufficiently small 8 those eigenvalues are isolated eigenvalues
of the combined system. One finds that this is true for each g, however large. In
order to illustrate a nontrivial shape of those eigenvalues, in Fig. 12 are shown those
eigenvalues with amplified e-coordinate.

In conclusion, for sufficiently big 8 combined system has 6 isolated eigenvalues,
er1(B), er2(B), eL1(B),er2(B), L1(B) and A(B). In addition, for each 8 < Bg> there
is isolated eigenvalue E>(B). Note that isolated eigenvalues €1.1(8), €12(8), er1(B)
and eg2(B) do not exist in the point 8§ = 0. Hence no perturbation expansion method
can reproduce those eigenvalues.

Once above eigenvalues are obtained as solutions to (36), one can derive corre-
sponding isolated eigenstates according to (37) and (15b,c). Those eigenstates deter-
mine all related properties of the open system S5'. In particular, probabilities w,, ; and
w, = w, 1+ w, 2 are given by (18). Probabilities for right and left isolated eigenstates
are shown in Fig. 13. In Fig. 13a are shown probabilities wg1 s = [(O; |S| \IJR1)|2 to
find right isolated eigenstate |Wr1) in a local state |®y), as well as global right proba-
bility wg1 = wg1,1+wg1 2 to find right isolated eigenstate | Wg; ) inalocal system S5
Since the characteristic operator f(¢) is discontinuous in the point & = by where right
isolated eigenstate |Wr1) emerges, those probabilities are continuous functions of .
However, those functions are not analytic [8]. This is qualitatively different behavior
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Fig. 12 Eigenvalues A1 (8) and X, () from Fig. 11 highly magnified

from probabilities shown in Fig. 4 which are all identically zero for small g and which
display a sudden jump from zero to a finite nonzero value at some critical point (8g1,
Br2, Br1 or Br2). Similar behavior applies to probabilities wry = wr2,1 + Wg2,2 and
wr2s = (O |S| Yr2) |2 associated with right isolated eigenstate |\Wg2) (see Fig. 13b).
Those probabilities are also continuous functions of a coupling parameter 8. However,
probabilities associated with left isolated eigenstates |Wy 1) and |Wy,) that emerge at
the point ¢ = a; where characteristic operator f(¢) is continuous, have a sudden jump
from zero to a finite nonzero value. In particular, left isolated eigenvalue €7.1(8) exists
only if 8 > Br; = 0.98637. As B < Br1 continuously increases, in a point § = B
probabilities w1 = wri1+wri2andwry s = (O |S] \If“)|2discontinuouslyjump
from zero to a finite nonzero values w1 (Br1+) = 0.14935, w1 1(Br1+) = 0.11491
and wy12(Br1+) = 0.03444, respectively (Fig. 13c). The same applies to another left
isolated eigenstate | W ,). This eigenstate exists only if 8 > B> = 0.69110. At this
point probabilitieswrr = w2 1+wr22and wry s = [(O |S| Wr2) |2 discontinuously
jump from zero to a finite nonzero values wr2(Br2+) = 0.17876, wr2 1(Br1+) =
0.09566 and wr 2(Br1+) = 0.08310, respectively (see Fig. 13d).

Probabilities associated with isolated eigenstates |W, 1), |W;2) and |Wg,) are shown
in Fig. 14. Spectral distributions of local states |®;) corresponding to the line (a) in this
figure are shown in Fig. 15. If 8 = O eigenstates |\, 1) and | W2 ) coincide with isolated
eigenstate |®g) of the infinite system Sgo. This eigenstate has no X5 component and
hence all corresponding probabilities vanish in a point 8 = O (see Fig. 14a and b). As
B increases, eigenstate | D) splits into two eigenstates |W; 1) and |W;2) with nonvan-
ishing X4 components. Since those probabilities are continuous functions of 3, they
are small if 8 is small. In Fig. 14a are shown probabilities wy1 s = [(O; [S| U, )
to find isolated eigenstate |W,1) in a local state |®;), as well as global probability
wj1 = wy1,1+wy,2 to find isolated eigenstate | Wy 1) in alocal system Sg. In Fig. 14b
are shown analogous probabilities for another isolated eigenstate |\W,2). Probabilities

@ Springer



672 J Math Chem (2009) 45:627-701

0.6 0.6

a)

byw ., (B)=w,, (B)+vw,, (6]

0 ' 1 ' 2 0 ' 1 ‘ 2
ﬂu/ B g B

Fig. 13 Probabilities w5 (8) = (O[S |V, )2 to find isolated eigenstate |¥,) in a local state |©y) and
probabilities w, = w; 1 + w; 7 to find this eigenstate in the system Sg for left and right eigenstates
of the combined system. (a) Probabilities corresponding to the eigenstate |Wg1). (b) Probabilities corre-
sponding to the eigenstate |Wg7). (¢) Probabilities corresponding to the eigenstate |y, 1). (d) Probabilities
corresponding to the eigenstate | Wy )
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Fig. 14 Probabilities wy s (B) for the remaining three isolated eigenstates | W) 1), | ;2 ) and |V 7). (a) Prob-
abilities corresponding to the eigenstate |W) 1). (b) Probabilities corresponding to the eigenstate |W;2). (c)
Probabilities corresponding to the eigenstate |V o)

wg2.s = [(Of S| \IJEQ)|2 and wgy = wg2, 1+wE2 2 associated with the isolated eigen-
state |\WE») display qualitatively different behavior (see Fig. 14c). Since for 8 = 0 this
eigenstate coincides with local eigenstate |®,) with the eigenvalue E2(0) = E> ¢ D,
one has wg,1(0) = 0, wg22(0) = 1 and wg2(0) = 1. Hence for small B one has
wEg2,1(B) ~ 0, we22(B) ~ 1 and wg2(B) & 1. As B increases, local state |®2) is
perturbed by the interaction with the system Sé’o, and this state transforms into the
isolated eigenstate |Wg»7). If the interaction is as strong as Bg> = 0.92203, eigenvalue
E,(pB) enters the range D and at this point there is no more isolated eigenstate |V 7).
Accordingly, all corresponding probabilities drop to zero.
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Fig. 15 Eigenvalue distributions of local states |®1) and |®») in the case B = 0.1. Those distributions
correspond to the line (a) in Figs. 11, 12 and 14. (a) Eigenvalue distribution of the state |®1). (b) Probability
density o7 (&, 0.1) highly magnified. (¢) Difference between probability density o (g, 0.1) and approximate
density p?(s, 0.1) highly magnified. (d) Spectral distribution of local state |®,) with probability density
o2(g, 0.1) highly magnified. Probabilities not in scale

Consider now embedded solutions of the combined system. One finds eigenvalues
Xgq(e)and X Z -components | \Ils (8)) of the embedded eigenstates |V, (g)) using expres-
sions (39—41) and (24). In Fig. 15 are shown spectral distributions of local states |®;)
for the coupling 8 = 0.1. This coupling corresponds to the line (a) in Figs. 11, 12 and
14. This is relatively weak coupling and since E1(0.1) = 0.39872 € D, probability
density o1 (g, 0.1) to find local state |®1) with the eigenvalue ¢ € D, i.e. to find this
state either in the embedded eigenstate |\W(e, 0.1)) or in the embedded eigenstate
|W> (e, 0.1)) has a prominent resonance shape at this point (Fig. 15a). Unlike in the
example E1 where total contribution from the density o (¢, 0.1) equals S7(0.1) =1,
one now finds S7(0.1) = fm (6,0.1)de = 0.99520 < 1. In the case § = 0.1 in addi-
tion to embedded eigenstates combined system has isolated eigenstates |\W;1(0.1)),
|W;2(0.1)) and |WE2(0.1)) with eigenvalues A1(0.1) = 1.20050, A2(0.1) = 1.19578
and E(0.1) = 1.73998, respectively (see Fig.11). Missing contribution is due to
those isolated eigenstates. One finds w;1,1(0.1) = 0.00128, wy2,1(0.1) = 0.00349
and wgp,1(0.1) = 0.00003. The sum of all those probabilities equals one in com-
plete agreement with the completeness relation (34a). Since Cy 1(0.1) = 0.98780
and C3,1(0.1) = 0.00758, contribution S1(0.1) = Cy,1(0.1) 4+ C2,1(0.1) is mainly
due to the embedded eigenstate |\W(g, 0.1)) with relatively negligible contribution
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Fig.16 Probabilities S5 (8) = Cq (B)+C2 4(B) to find local state | ) in any of the embedded eigenstates

of the combined system and corresponding component probabilities Cy s (B) = f (OIS |¥ (e, B)) |2 de.
(a) Probability S1(8) and component probabilities C1,1(8) and C3 1(B). (b) Probability S>(8) and com-
ponent probabilities C1 2(B8) and C3 2(B)

from embedded eigenstate |W> (e, 0.1)). Resonant shape o (¢, 0.1) is made manifest
in Fig. 15b where density o1 (g, 0.1) is shown magnified. In Fig. 15¢ is shown the dif-
ference (g, 0.1) — p?(e, 0.1) between this density and universal resonance curve
,o? (&, 0.1) as given by (32b). This difference is relatively small and density o (¢, 0.1)
is hence well approximated with this universal resonance curve.

In Fig. 15d is shown eigenvalue distribution of another local state |®;). Concern-
ing probability S>(0.1) to find this state in any of the embedded eigenstates, one finds
$7(0.1) = f 02(e,0.1)de = 0.02258. This probability is rather small since the eigen-
value E>(0.1) = 1.73995 ¢ D of the perturbed eigenstate |Wg») is outside the range
D. Corresponding density o3 (e, 0.1) has no resemblance to the universal resonance
curve (see Fig. 15d). Spectral distribution of the local state |®;) is essentially repre-
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/

Fig. 17 (a) Verification of the completeness relation for the eigenvalue distribution of a local state |©1).
(b) Verification of the completeness relation for the eigenvalue distribution of a local state |®>)

sented by the isolated eigenstate |V g2 (0.1)) with the eigenvalue E£>(0.1) ¢ D and with
the corresponding probability wg2 2(0.1) = 0.96415 < 1. This distribution, in addi-
tion to a dominant contribution from the isolated eigenstate |Wg,(0.1)) and to a con-
tribution $>(0.1) from embedded eigenstates, contains also some minor contributions
from isolated eigenstates |W1(0.1)) and |¥;2(0.1)). One finds wy1,2(0.1) = 0.00078
and w;2.2(0.1) = 0.01259. As required by the completeness relation, the sum of all
those contributions equals one.

In Fig. 16 are shown probabilities Sz(8) = C4.1(B) + Cq2(B) associated with
embedded eigenstates | W, (g, B)) as functions of 8 for the interval 8 € [0, 2.2]. Com-
ponent probabilities Cy (B) are also shown. Those quantities are discontinuous in the
points 8 = Br2, B = Br1 and B = Bgy where the combined system, considered as
a function of B, either acquires or looses isolated eigenstates. Since E; € D while
E> ¢ D, for small B8 one has S;(8) =~ 1 and S2(8) ~ 0. This is the region where
perturbation expansion can be applied. However for large B, especially for 8 > fr2,
perturbation expansion breaks.

Completeness relations are verified in Fig. 17. In Fig. 17a probabilities S (8), wgi,1
(B), wr2,1(B), wr1,1(B)wr2,1(B), wir,1(B), waz,1(B) and wga 1 (B) associated with
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a local state |®1) are plotted as functions of a coupling parameter 8. A sum of all
those probabilities is also shown. As required by the completeness relation, this sum
equals one for each value of 8. In Fig. 17b are in the same way analyzed probabilities
associated with the local state |®;).

10 Conclusions

Exact nonperturbative method for the description of an open quantum system Sg that

interacts with the surrounding (an infinite quantum system S;’O) is presented. Sys-
tem Sg is an arbitrary finite-dimensional quantum system that contains p eigenvalues
E; and p corresponding eigenstates |®;). Those eigenstates span the space Xj. Sys-

tem S})’o is an arbitrary infinite-dimensional quantum system. In general, this system
may contain discrete eigenvalues A; as well as several eigenvalue bands in intervals
I, = [ay, b,] (including the possibility b, = 00). The union D = U, I, of all those
intervals contains all continuous eigenvalues of S(';o. Discrete eigenvalues A; of S;’o
may be contained in D as well as in its complement D. The set of all eigenstates of
Sb spans an infinite dimensional space X%, .

In order to describe properties of the open system S;,l it is sufficient to know
only X7 -components of the properly normalized eigenstates of the combined system

S = SZ ® Scl,’o. X go—components of those eigenstates are not required. One finds
that combined system S, contains two qualitatively different types of eigenvalues and
eigenstates. This system may contain isolated eigenvalues ¢, with the corresponding
eigenstates |\, ) as well as embedded eigenvalues e with the corresponding eigenstates
[W(e,...)).

There are two types of isolated eigenvalues &, and corresponding eigenstates.
If ¢, differs from all discrete eigenvalues of Sé’o (er ¢ {A;}) itis cardinal, otherwise
(er € {A;}) it is singular. Most important and usually most numerous are isolated
cardinal eigenstates. Those eigenstates contribute to the properties of the open sys-
tem Sg. On the other hand, isolated singular eigenstates do not contribute to those
properties, except for the so called weakly singular eigenstates which are quite rare.

In addition to isolated eigenstates with isolated eigenvalues ¢,, each ¢ € D is also
an eigenvalue of the combined system. This eigenvalue is a part of a continuous band
of eigenvalues and the corresponding eigenstates |W (e, ...)) are normalized to a §-
function. Those are embedded eigenstates of the combined system. With each embed-
ded eigenstate is associated a fractional shift x(¢). This quantity satisfies x(¢) €
[1 — p, 1]. However, fractional shift can be confined to the interval [0, 1) which is
a principal value of fractional shift. Embedded eigenstates can be also singular and
cardinal. One finds that embedded singular eigenstates have fractional shift x(¢) = 0,
while embedded cardinal eigenstates have fractional shift x(¢) # 0. For each ¢ € D
combined system may have an infinite number of embedded singular eigenstates, while
the number of embedded cardinal eigenstates is at most p. Embedded cardinal eigen-
states can be hence labeled with discrete index d as |V, (g)) where for each ¢ € D this
index can assume at most p values. To the properties of the open system Sg contribute
only embedded cardinal eigenstates. In conclusion, in order to describe open quantum
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system S;’ itis sufficient to know X -components of all isolated and of all embedded
cardinal eigenstates of the combined system.

Two eigenvalue equations, generic eigenvalue equation and fractional shift eigen-
value equation are derived. Both are p x p eigenvalue equations and they both act in
the p-dimensional space X associated with the system S;f. First equation determines
all isolated cardinal eigenvalues and all X-components of the corresponding eigen-
states of the combined system. Second equation determines all X7 -components of the
embedded cardinal eigenstates of the combined system. In almost all cases those two
equations provide a complete description of the open system S:;.

Generic equation is a nonlinear eigenvalue equation. Each eigenvalue ¢, ¢ D of
this equation is an isolated cardinal eigenvalue of the combined system. Once this
eigenvalue is known, one easily obtains the corresponding isolated eigenstate |W,.).
Concerning eigenvalues &, € D of this equation, those eigenvalues are resonant
points. A special type of resonant points, so-called anomal points are shown to be
also isolated eigenvalues of the combined system. Generic eigenvalue equation thus
provides all isolated cardinal eigenvalues and eigenstates of the combined system.

For each ¢ € D fractional shift equation is a linear eigenvalue equation. This equa-
tion is related to embedded cardinal solutions of the combined system. In particular,
X :’, -component |\Ilf‘i (8)) of embedded cardinal eigenstate |\W;(¢)) is given in terms of
the solution to this equation.

Since the suggested method produces correct results however strong the interaction
between quantum systems Sg and s;’o, it can be applied to all those cases where the
standard perturbation expansion fails. If this interaction is weak, one obtains stan-
dard results known from the perturbation expansion approach. In particular, due to
the interaction with the infinite system Sgo, each eigenvalue E; ¢ D of the system
S;f that is contained outside the eigenvalue range D of this infinite system moves to
a new position &;(f), and it remains sharp. Each eigenvalue E; € D of the system
S/‘; that is contained inside this eigenvalue range also moves to a new position &;(f).
However, since E; € D this shifted eigenvalue is usually not sharp and it acquires a
finite width. In particular, if E; is nondegenerate shifted eigenvalue &5 € D usually
acquires the shape of the universal resonance curve with a finite width Agg. Only in
a special case when ¢; = ¢, is an anomal point, the width Agg drops to zero, and in
this case one has one or several isolated solutions in this point [8]. If the interaction
between the systems S[‘)’ and Sé’o is strong this simple picture is destroyed, and one
has much more complex behavior. Various density distributions in the case of a strong
interaction have no resemblance to the universal resonance curve. In addition, in this
case combined system usually has some isolated eigenstates which can not be inter-
preted as perturbed eigenstates of Sg or as perturbed eigenstates of S;’O. In the case
of such strong interactions standard perturbation expansion fails.

The suggested method is illustrated with two examples. In the first example infinite
system Sé’o contains a single eigenvalue band in the interval /; = [—1, 1]. In the
second example which is much more complex infinite system s);o contains two eigen-
value bands, one eigenvalue band in the interval /1 = [—1, 1] and another eigenvalue
band in the interval I, = [2, 3]. In addition, this system contains an isolated eigenstate
with the eigenvalue Ao = 1.2. It is shown that all relevant probabilities and density
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distributions satisfy completeness relation (34a). This relation is verified for a wide
range of a parameter 3, including very weak as well as extremely strong interactions.
The agreement of those probabilities and density distributions with the completeness
relation provides a strong verification of the suggested method.

Appendices

A Solution of a finite combined system S,

Let S,l,’ be n-dimensional quantum system described by the eigenvalue equation
B|®;)) =4 |D;), i=1,...,n, (Ala)

where B is a Hermitian operator acting in the n-dimensional space XZ . Eigenstates
|P;) e X 3 of B can be orthonormalized according to

(@il®;) = 5ij. (Alb)
Let the system S,i’ interact with the system SS described by the eigenvalue equa-

tion(1a). This interaction can be written in the form BV where V is a Hermitian
operator that connects the states |®;) € XZ with the states |®;) € X,’; and where

B > 0is a coupling parameter. Combined system S, , = Sg ® S,l,7 that includes this
interaction is described by the generalized eigenvalue equation

C|Wy) =&S|W), k=1,....,n+p, (A2a)
where

C=A+B+8V, S=S8"+T1". (A2b)

and where I” is a unit operator in X?.
Eigenstates | W) of the eigenvalue equation (A2a) can be orthonormalized accord-
ing to

(Wi ISI W) = s (A3a)
Each such eigenstate is a linear combination
W) = W) + ‘w};), (A3b)
where
wi)e xg, |wl)e Xk (A3c)
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If the solution to the system S,f is known, the solution to the combined system
S,+, can be obtained in a compact form that does not require diagonalization of a
huge (n + p) x (n + p) eigenvalue equation (A2a) [9].

Define Hermitian operator £(¢) [9]

n
VI|®;) (®;|V
Qe) = Z VIeo (@il V sl>—<x-l| , (Ada)
i(hi#e) !

The summation in this expression is performed over all indices i such that A; # ¢.
If & differs from all unperturbed eigenvalues A; (¢ ¢ {A;}), this summation contains
all n terms.

Operator 2(¢) incorporates essential features of the interaction of the system Sf
with the system Sg. However, this operator has nonvanishing matrix elements only in
the space X ;’). In particular, in the base {|s)} € X g this operator is a p x p Hermitian
matrix with matrix elements €2, (¢)

n
V| ®,) (d; |V
Q)= > V] l>—<x-l| P 1, (A4b)
i e) &

It is convenient to distinguish cardinal (e ¢ {)\;}) and singular (e € {A;}) eigen-
values and corresponding eigenstates of the combined system S, , [9].

A.1 Cardinal solutions of S, 1,

Eigenvalue ¢; ¢ {A;} is a (cardinal) eigenvalue of the combined system if and only if
it is an eigenvalue of the eigenvalue equation [9]

[£220 +A] 160 = a5 160, e ¢ O, (As2)

In the base {|s)} eigenvalue equation (A5a) is a p X p matrix eigenvalue equation.
This equation has a nontrivial solution (|6x) # 0) if and only if determinant of the
system vanishes:

[H(er)| =0, (A5b)

where
H(s) = B>R(e) + A — ¢ S°. (A5c)
and where A and S8 are p x p matrices with matrix elements Ay, = (s [A| p) and

Sx“p = (5 |S%| p), respectively, while £(¢) is a p X p matrix with matrix elements
(Adb).
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Expression (A5b) produces all cardinal eigenvalues of the combined system. Once
eigenvalue ¢ is obtained as a solution of (A5b), component ‘\I!,‘{‘) e X Z of the corre-
sponding eigenstate | W) equals

) = —

= —— 6, A6
i) 75 %) (A6a)

where

(O IVI @i) (Pi [VI6k)
ex — hi)?

= (0 [S| 0k) + B* Z : (A6b)

and where |6) is an eigenstate of (A5a) corresponding to the eigenvalue ;. Compo-
nent |‘ll,‘(‘) determines the corresponding X ,11’ -component |lI/,f ) according to

wh) = ﬂz OAVIVE) g, (Abe)

Ek—

Normalization constant Qy ensures that the eigenstate | Wy ) is normalized according
to the metrics induced by the operator S = S¢ + I?. Hence (¥ |S| Wy) = 1 in accord
with (A3a). Concerning the property (W |S| V;) = 0 (k # 1), this is automatically
satisfied if e # & [9]. However, if ¢y = ¢; corresponding eigenstates are degenerate
and in this case expression (A3a) should be enforced by some standard procedures
such as Gramm-Schmidt orthonormalization [10].

Expressions (AS5) and (A6) produce all cardinal solutions of the eigenvalue equation
(A2).

A.2 Singular solutions of S,
Let . be nj-degenerate eigenvalue of the system S,{’ and let |CI>~,~m) (m=1,...,n;)

be the corresponding eigenstates orthonormalized according to (A 1b). Projection oper-
ator on the 7 j-dimensional space X % spanned by those eigenstates is

nj
PV = z | i) (@ - (A7)

Eigenvalue & = A; is a (singular) eigenvalue of the combined system if and only
if it satisfies [9]

H(4)

% > — _gVPY ‘qsbf' > (A8a)

Py

% > —0. (A8D)
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Since operator H(2 ;) acts in the space X}, while P?J is a projection operator on the
space Xbi, one has |0%/) e X% and 9% e Xﬁ?.

In the base {|s) , CDjm)} (s=1,...,0,m =1,...,n;) Eq. (A8) combine to a
single (p +n;) x (p + n;) matrix equation. This equation has a nontrivial solution if
and only if determinant of the system vanishes:

H(A;) BVPY

periv o | =0 (A%)

where H(;) is a p x p matrix defined by (ASc), W) = VP¥ is a p x n; matrix
with matrix elements

WS = (s IVI®jn), s=1,....,p, m=1,...,1;. (A9b)

while 0 is a 1; x n; null matrix. Since V and P?/ are Hermitian, one has P/ V =
(Vpbj)+ — W+,
If A satisfies (A9a), there is at least one nontrivial solution to (A8). In this case

X4-component of the corresponding normalized eigenstate |W/) = |W%) + |w?)
equals [9]
\11“1'> = 9“f>, (Al0a)
‘ Jo
where

2 (09 V] ;) (D [V]04)

o= (1)) 3 Y o
iGui# ) (hj = %)
Corresponding X 2 -component equals
< 1 (@ |V|9 1)
o)=L gy g 3 ! @) [ (Alo)
> Vo > i(hi#A}) A

Expressions (A8) and (A10) produce all singular solutions of the eigenvalue equa-
tion (A2).

Itis convenient to distinguish two kinds of singular eigenstates. We call each singu-
lar eigenstate that satisfies |9”j ) = 0 strongly singular, otherwise it is weakly singular.
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A.2.1 Strongly singular solutions of S+,

According to (A8) and (A10), each strongly singular eigenstate with the eigenvalue
&k = A is given by

‘w) ‘\1/”/} W‘ bf). (Alla)
where |¢b~/ ) € Xb satisfies
vPbi ‘¢b/> —o. (A11b)

The number of such eigenstates depends on the properties of a p x 7; matrix
W) = VPP In a base {|s), |®;)} expression (A11b) is a homogenous set of p
linear equations in 7; unknowns:

j
Zcm<s|V|<I>jm):0, s=1,...,p, (Allc)
m

where
nj
‘¢”f> =" cn|Pju). (Al1d)

and where ¢, are unknown coefficients.

Letr; berank [10] of W) One has ri < pandr; <n;[10].Ifn; > r; expression
(Allc) has (n; —r;) linearly independent solutions and in this case combined system
has (n; —r;) strongly singular eigenstates |\Ilj ) with the eigenvalue A ;. In particular, if
n; > p combined system has at least (1; — p) strongly singular eigenstates. However,
if n; = r; combined system has no strongly singular eigenstate with this eigenvalue.

The set of all strongly singular elgenstates w1th the eigenvalue A j spansa (n; —r;)-

dimensional space X% subspace of X . According to (Allb) thls space is a

nj—rj?

nullspace [10] of W), Let Xy bt pe a complement of X~ in X . This space is

nj—rj

r j-dimensional and it contains all vectors in X that are orthogonal to X, ] —rp By
definition, this is a column space [10] of W), Those two spaces satisfy
bj— b/+ b]
Xpi—r; @ X =X, (Al2a)

The space X f/] *isan active subspace of X % . Each state in this space interacts with
the system S;; (i.e. it interacts with at least one state in X Z). On the other hand, X zi _ r

is a passive subspace of X {,f’ This space contains no state that interacts with Sg.
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In addition to active and passive spaces X b’ *and X%/ ni—r which are associated with

the eigenvalue 1 j, one can consider global active space X b+ =g X bi+ (orthogonal

sum of all active spaces ij +) as well as global passive space X/~ = @ ;X j ,7]__,]

(orthogonal sum off all passive spaces x4 ). Orthogonal sum of those two spaces

nj—rj
is n-dimensional space X?:

xb = x"* @ xb-. (A12b)

Passive space X”~ is the largest linear space, subspace of the space Xﬁ, which
contains only those states which do not interact with the system Sg. On the other

hand, active space X”* is the smallest linear space, subspace of the space X 3 , which
contains all those states that interact with this system. All strongly singular eigenstates
of the combined system are contained in the passive space X?~.

A.2.2 Weakly singular solutions of S,+,

By definition, each weakly singular eigenstate satisfies |9“j ) # 0. Further, each such
eigenstate must be orthogonal to all strongly singular eigenstates which span passive

subspace X%~ of X . Component }d)bf) of weakly singular eigenstate is hence

nj—rj
+
contained in the active space X ,f :

’¢bf> e XUt (A13)

If [697) # 0 satisfies (A8a), the corresponding state |¢*/) € Xf_{ * that satisfies this

equation is unique. Assume namely that there are two different states ‘¢>b] > € Xy bi+

and ‘q&bj > b] * which satisfy (A8a) (with the same state |9“/ )) In this case the

state qbbf )(p > — ’¢21> # 0 satisfies (A11b) and hence |¢>b/) € X,7 -1 . Since

¢2J> € ijﬁ. X’-com-
ponent |lIth ) of each weakly singular eigenstate |\IJ/ ) is hence uniquely determined
by its X} -component |\Il“/ ) Since X7 is p-dimensional, combined system may have
at most p linearly independent weakly singular eigenstates.

Weakly singular eigenstates are very rare. According to (A8b), the state |9“j ) #0
is contained in the left nullspace [10] Xf]] T C X4of WY = VP? (since Hermi-
tian conjugate of W) is P?/V). Dimension of this nullspace equals rank of W/,

i.e. it equals r;. On the other hand, according to (A8a) the state H(A ;) |9“-/ ) is con-
aj+

X ﬂ * is a linear space this contradicts the assumption |¢ bi ,
J 1

tained in the space X, C Xj. Since the space X7 is p-dimensional and since
W) has rank r; j» this space has dimension (at most) p — r;. Accordingly, the state
|9”j ) # 0 has to satisfy simultaneously two conditions: |0”j ) € Xrajj T C X}, and

H( ) |9¢1j) € ijjj C Xj. Since X7 is p-dimension, it is highly unlikely that those
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two conditions will be satisfied in any particular case. In conclusion, combined system
S,.+, only exceptionally may contain some weakly singular solutions.

One can distinguish two kinds of weakly singular eigenstates depending on whether
H()) |9‘”) # 0 or H(A;) IO‘”) = 0. In the former case weakly singular eigenstate
has a nonvanishing X 2]_ component |¢bf ) # 0. This component is contained in the
active subspace Xff tof X f”j. Such weakly singular eigenstate is hence of a general
type (A10) where |6%) # 0 and |¢%/) # 0. In addition |¢¥/) satisfies |¢%/) € X}/*.
Another possibility is H(A ;) }0’” ) = 0. Each weakly singular eigenstate that satisfies
this condition is an anomal eigenstate. According to (A8), an anomal eigenstate with

the eigenvalue ¢ = A; exists if and only if there is a nontrivial state |9“j ) € X7 that
satisfies

H(2;)

% > —0, PV

9”f> —0. (A14)

Since (A8a) implies VP |¢?/) = 0 and due to (A13), the state |¢®/) must vanish.
Each anomal eigenstate with the eigenvalue ¢, = A is hence of a general type (A10)
where |9“f ) # 0 and ’¢bj ) = 0. This is formally almost identical to a general type
(A6) of cardinal eigenstates.

A.3 Cardinal versus singular solutions of S,

There are important qualitative differences between cardinal and singular solutions.
According to (A5a) each cardinal eigenvalue g ¢ {A;} is at most p-degenerate, while
according to (A8) each singular eigenvalue g = A; € {A;} is at most (o + n;)-degen-
erate. If the degeneracy n; of the unperturbed eigenvalue A is large, degeneracy of
the singular eigenvalue & = A; may be much bigger than the degeneracy of any
cardinal eigenvalue. In particular, if n; > p combined system contains at least n; — o
strongly singular eigenstates associated with the eigenvalue g = A ;. On the other
hand, however large 7 ;, this system may contain at most p weakly singular eigenstates
associated with the eigenvalue &, = A;. As emphasized in a previous section, even
that much is quite unlikely and combined system only exceptionally may contain some
weakly singular eigenstates. In addition, X7-component |\IJ,‘:) of cardinal eigenstate
|Wg) uniquely determines X Z -component ‘\Illf ) of this eigenstate (see A6c). Weakly
singular eigenstates are in that respect similar to cardinal eigenstates. X-component
of each weakly singular eigenstate also uniquely determines the corresponding X Z -
component. However, this is not the case with strongly singular eigenstates which
have no X{-component.

A.4 Interlacing rule

In addition to the above expressions concerning cardinal and singular solutions, eigen-
values g of S, satisfy the interlacing rule [9].
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Let the unperturbed eigenvalues A; be arranged in the nondecreasing order. Let the
perturbed eigenvalues g4 be also arranged in the nondecreasing order. Eigenvalues A;
and & thus arranged satisfy [9]

&i f)ui§8,'+p, i=1,...,n, (Al5a)
In particular
A= Eptls &n < Ap. (A15b)

Above rule applies to all eigenvalues of the combined system. If the particular
eigenvalue ¢y is cardinal, corresponding inequality (<) should be replaced with strict
inequality (<).

B Solution of the infinite combined system S,

General strategy in the derivation of correct expressions for the description of open sys-
tem Sg that interacts with an infinite system Sfo is to approximate infinite combined

system Soo = S; @ S’ with a finite combined system S, |, = S, ® S? that contains
n + p eigenvalues and eigenstates. This can be done by replacing infinite-dimensional
system Sé’o with n-dimensional system S,ll’ . As n increases, the corresponding finite-
dimensional combined system S, 1, should converge to Su. The solution to this finite
system is given in Sect. A. One now investigates the n — oo limit of this solution.
Provided S is approximated by finite systems S, , in an appropriate way, this limit
is well defined and in this way one derives corresponding expressions for the infinite
combined system S, [5-8].

B.1 Isolated solutions of the combined system Sy

Each isolated eigenvalue ¢, of the combined system Sy, can be contained either in the
range D or in its complement D. In the case of isolated eigenvalues that satisfy &, € D
and which are cardinal (¢, ¢ {A}), it is relatively easy to obtain the above n — oo
limit. For example, if the system SobO contains a single one-parameter eigenvalue band
summation over i in (A4b) is replaced with an integral, and one finds

Q) (6) — / (s [VI®@(k)) (P (k) [V]Pp) dk — / fsp()t)d)\‘ — wyy(e), &eD.
e — Mk) e—A

One thus derives expressions (15) [8]. In a similar way one derives those expres-
sions in the general case when S;’O contains several multiparameter eigenvalue bands
and/or several isolated eigenstates. This proves expressions (15) which produce all
isolated cardinal solutions of the combined system that satisfy e, € D.

In addition to the isolated solutions in the range D, combined system may contain
some isolated solutions in the complement D of D. Those isolated solutions also sat-
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isfy expressions (15), but in addition eigenstate |6, ) of (15a) satisfies (16). One obtains
those solutions as an appropriate limit of embedded solutions [5-8] (see Sect. 6.2.3).

Concerning isolated singular solutions, in analogy to Sect. A.2 one finds that if the
discrete eigenvalue A ; of Sfo is highly degenerate, combined system contains a large
number of strongly singular eigenstates |\I/f ) with the eigenvalue ¢ = A ;. However,
only exceptionally this system may contain some weakly singular eigenstate with this
eigenvalue (see Sect. A.3).

Consider now the distribution of the isolated eigenvalues &, € D. Let the range D
contain two adjacent disconnected intervals D, = [a 0 bﬂ] and D, = [ay, b,] where

b, < ay. Assume further that unperturbed system Sé’o contains ¢ isolated eigenvalues
in the interval Buv = [bﬂ, a,,]. In this case interlacing relations (A12) imply that the
combined system Sy, may have at most 7 + p isolated eigenvalues in this interval. In
addition, if > p the combined system has at least # — p isolated eigenvalues in this
interval. The same applies to the extreme left and to the extreme right intervals in D.
In conclusion, in each subinterval of D that is limited by adjacent intervals D,cD
and D, € D (where in the case of extreme left subinterval its left edge equals —oo,
while in the case of extreme right subinterval its right edge equals +0c0) the interaction
of the system Sg with the system Sé’o may change (decrease or increase) the number
of the initial isolated eigenvalues A; at most by p.

B.2 Embedded solutions of the combined system Sy

The case of embedded solutions with eigenvalues € € D is more complex. Let us first
see how the limit n — oo can be obtained in the case when the system Sfo contains
a single one-parameter eigenvalue band and no isolated eigenvalues [8].

Case (a) The system Sé’o contains a single one-parameter eigenvalue band and no
isolated eigenvalues. In this case expressions (2—4) reduce to

B|®(k)) = A(k) [P (k)), (Bla)
(KD K)) =8k —K), (B1b)
/|c1>(k)) (D) | dk =10, k, k' € [ka, kp]. (Blc)

The range D contains a single interval D = [a, b] where a = A(k,) and b = A(kp).
Since there is a single one-parameter eigenvalue band and no isolated eigenstates,
expressions (9) that define characteristic operator f(g) reduce to

(s|V|®(k)) (P(k)|V]p)
dn(k)/dk

'<1 if ee D
k=21 (e) 0 ife¢gD

fsp(s) = (s|f(e)|p) =

(B2)
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The corresponding derived operator w(¢e) is given in terms of this characteristic
operator according to (13b).

One can now approximate infinite system S by a finite-dimensional system
Sitp =S, @ S,i’. First, approximate continuous eigenvalue function A(k) with n
discrete eigenvalues A; = A(k;) where k; are equidistant and (in a limit n — 00)
dense over the interval [k, kp]:

ki =ky+ (i —05) Ak, Ak=(kp —ka)/n, i=1,....,n.  (B3a)

Next, approximate continuous matrix elements (s |V| ®(k)) with discrete matrix
elements (s |V| @ (k;)) sampled at n points k = k;. Due to the normalization condition

/|<I><k>> (@ M) dk =T & > @) (&;]

one has
(sIVI® (k) — (s|VID;) = (s |[V|Dki))VAk, i=1,....,n. (B3b)

Above procedure [8] approximates infinite dimensional system Sy, with a finite
dimensional system S, ,,. Eigenvalues e (k = 1, ..., n+ p) of this finite system are
interlaced with the unperturbed eigenvalues A; according to (A15a). Expression (ASa)
produces all cardinal solutions of this finite system while expressions (A8) produce all
singular solutions of this system. Next one should investigate n — oo limit of those
expressions. Due to the interlacing rule (A15a), in this limit all eigenvalues ¢ become
dense in the interval [a, b], except possibly at most 2p eigenvalues &; which may
escape this interval and which become isolated eigenvalues of the combined system.

Using (B3), matrix elements 2, (&x) of the operator £2(ex) can be written as a sum

(8]

Qup(er) = Q0 (er) + Q) (en), (B4a)
where
N(n)
V| ®(krs i) (D krsi) |V
W= 3 (s VI @Ky D)@ i ) VI p) o B4b)
p &k — M+
J=—N®) J

QWen= 3 (s IVI @i D)@K ) VI p)

[Py &k — Mt
V| © (kg i) (D (krri) |V
5 {s1v] <k+,>)(A (.k+])| |p>Ak. Bdc)
j>Nn) k= Akt
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In the above expressions N (n) = |_n1/ 3J is the largest integer smaller than n'/3.

With this choice component Qﬁ?,) (er) contains contributions to the matrix element

Q2 (ex) from approximately 2n'/3 unperturbed eigenvalues Ay ;j that are close to

the perturbed eigenvalue &, while component Qg},) (er) contains contributions from
approximately (n — 2n'/3) ~ n remaining unperturbed eigenvalues Ay ; that are
relatively far from the perturbed eigenvalue ¢i. Since matrix elements (s |V| ®(k))
are continuous functions of k, in the expression (B4b) one can approximate matrix
elements (s | V| @ (ki j)) with matrix elements (s [V| ® (kg)) to obtain [8]

N(n)

V| ®(k O (kr) |V 1
QO (e) ~ (s V] ((dki);k)( ©) VI p) Z —
/dk)y Py R C
where
&k — M—1
x(er) = —, k=p+1,p+2,...,n. (B5a)
A — Ak—1
With the identity [15]
Q- 1 1
—_ = t .
T +;(x—j +x+j) 7 cot(mwx)
One finds [8]
(s V] @ (ki) (P (ki) V] p)
QO (e ~ 7 k WIVIPL ot (rx(en)). (B5b)

(dA/dk)k

In this last step it is crucial that matrix elements (s V] P (kyy )) smoothly change as
index j continuously increases. This property follows from the fact that (s |V| ® (k))
is a smooth function of k. Without this property transition from (B4b) to (B5b) is not
possible [8].

Each x (g¢) is a fractional shift of the perturbed eigenvalue ¢ relative to the unper-
turbed eigenvalue A;_1 [5-8]. In the limit n» — oo discrete quantities x () converge
to a continuous function x(¢) of a continuous parameter ¢ € D. As n increases,
approximation (B5b) improves and in a limit n — oo it is exact [5,8]. One thus finds

Q) (&) — 7 fip(e) cot (x(e)), & € D. (B6a)

where matrix elements f;, (¢) are given by (B2). In a similar way one finds that in this
limit component QS,) (ex) should be replaced according to [5,8]

(s [V @(k)) (P (k) [V] p)
e — Mk)

0 (A
Q) (@) - P dk = P de
’ e—A

= w(e), e€D, (B6b)
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where P denotes principal Cauchy integral value [11]. Inserting expressions (B6)
into (ASa) one derives fractional shift eigenvalue equation (22). In a similar way one
derives expression (24a) [8].

Note the difference between fractional shift eigenvalue equation (22) that applies
to an infinite combined system Sy, and eigenvalue equation (A5a) that applies to a
finite combined system S, ,. Solutions to (A5a) are eigenvalues & and the corre-
sponding eigenstates |0y ). As n increases eigenvalues ¢ (k = p + 1, ..., n) become
dense in the range D, and in a limitn — oo each ¢ € D becomes an eigenvalue of the
combined system. There is hence no information content in the particular eigenvalue
¢ € D. According to (22), this information about eigenvalues is replaced with the
information about the fractional shift x(¢). For almost each ¢ € D this quantity is
well defined and it contains a nontrivial information about the embedded eigenstates
of the combined system.

Above derivation of expressions (22) and (24) involves some assumptions which
are not always satisfied [5-8]. More detailed analyze shows that those expressions are
valid for each ¢ € D, except for the anomal points ¢, € D where the combined system
may contain isolated eigenstates. By definition, &, € D is an anomal point if there is
a nontrivial state |@) that satisfies f(g,) |¢) = 0 as well as h(e,) |¢) = 0 [8]. If this
is the case, any value of X (¢) is formally an eigenvalue of a fractional shift equation
(22a).

Since the unperturbed system Sfo contains a single one-parameter eigenvalue band,
rank of the characteristic operator f(¢) in the range D = [a, b] is one, with a possible
exception of few isolated points where this rank vanishes [8]. As a consequence, if
h(e) is regular in a point ¢ € D and if f(¢) has rank one, fractional shift eigenvalue
equation (22a) has exactly one eigenstate |¢(¢)) and one corresponding eigenvalue
X (g). The same is true if h(e) is singular in some point ¢ = g9 € D, provided no
eigenstate of h(gq) satisfies at the same time h(gg) |¢(g9)) = 0 and f(eg) |p(eg)) =0,
i.e. provided ¢ = gp € D is not an anomal point [8].

Above approach produces all embedded cardinal solutions of the combined sys-
tem. In a similar way one finds embedded singular solutions of this system. First,
one has to approximate infinite combined system S, with a finite dimensional sys-
tem S, , = S;f @ S,f . Instead of expression (A5a), one has now expressions (AS).
According to the definition (A4b), from the summation that determines matrix ele-
ments 2, (k) (6x = A;) one has to exclude all terms that satisfy A; = A ;. One finds

that in a limit » — oo component QE(,),) (&) of L4y () vanishes. Hence in this limit
Qp (k) —> wyp(e) Where wyy () is given by (B6b). One thus derives expressions (19)
where P? is a projection on a subspace X?¢ associated with the unperturbed eigenvalue
A = e. Since X go contains a single one-parameter eigenvalue band, this projection
operator equals

P’ = D) (D(K)|, k=21r""(e). (B7)

In the case of finite combined system S, , singular solutions satisfy expressions
(A8). Since each A (k) is nondegenerate, conditions (A1 1¢) for the existence of strongly
singular eigenstates reduce to (s |V| ®(k;)) = 0(s = 1, ..., p). If Vis nontrivial, this
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condition is very unlikely to be satisfied. According to the discussion in Sect. A.1.1.,
the same applies to the weakly singular solutions. As a result, combined system S, ,
may have only a small number of singular solutions, however large n. Inalimitn — oo
the number of those solutions is negligible in comparison to the number of cardinal
solutions (which are in this limit infinite in number).

One derives the same conclusion directly using expressions (19) where P? is given
by (B7). Since Sfo contains a single one-parameter eigenvalue band, solutions of those
expressions are of a general type |¢(¢)) € X f) and|p(e)) € X I;O with a single parameter
¢ € D and no additional parameters. In the case of strongly singular solutions that sat-
isfy |p(g)) = 0, those expressions reduce to VP? |¢(¢)) = 0. Since each unperturbed
eigenvalue |®(k)) is nondegenerate this implies (s |[V|®(k)) =0 (s = 1,...,p)
where k = 27! (g). This requirement is equivalent to f(¢) = 0. Characteristic opera-
tor f(&) can vanish only in some isolated points ¢ € D and the number of strongly
singular solutions is hence very limited. This number is negligible in comparison to
the (c-infinite) number of cardinal solutions. Concerning weakly singular solutions,
those solutions satisfy |¢(e)) # 0. Both conditions in (19) are hence nontrivial. In
analogy to a finite case one again finds that combined system only exceptionally may
contain some embedded weakly singular solutions. In particular, those solutions can
exist only in some isolated points gy € D.

Our task here is to generalize the validity of the expressions (19), (22) and (24)
from the above case when the system Sé’o contains a single one-parameter eigenvalue
band to the general case when this system is described by the expressions (2) and (3).
This will be done in few steps. Only most important points of this generalization will
be given.

Case (b) The system Sé’o contains a single eigenvalue band with a continuous
parameter k and with an additional parameter m that may have n < p discrete values

1, ..., n. In this case expressions (B1) generalize to
B D, (k)) = A(k) [P (K)), (B8a)
(@ (k) [y (k) = S8 (h = &), (B8b)

n
Z/|d>m(k))(d>m(k)|dk=1b, k€ lkakp], m,m' =1,...,n. (B8c)

Range D again contains a single interval D = [a, b] where a = A(k,) and b =
A(kp). Characteristic operator f(¢) has matrix elements

_ S (s VI @ (k) (B () V] ) | ifeeD
Lp(e) = (s IE@)N p) = dni) /dk e Io ifed¢ D
(BY)

@ Springer



692 J Math Chem (2009) 45:627-701

Most important difference between this case and previous case is that in a previous
case rank of matrix f(e) could be at most one, while in the present case this rank can
be as large as 7. In order to show this, write matrix elements f;,(¢) in a form

n
fip(€) = D asm(e)as,, (e)

where
o (6) = (s [V Dy (k))
o NZZX YL P
Consider n column vectors V,, (¢) = (ain (¢), azm(€), ..., apm eNT(m=1,...,n)

where T denotes vector transpose. Each V,,, (¢) is a p-dimensional column vector. Let
C;(¢e) be [-th column of a matrix f(g). This column can be written as a linear combi-
nation

n n
Ci(e) = > af (@) (@im(e). am(e). ... apm()" = ah,(e)V(e)

Each column of f(¢) is a linear combination of 1 vectors V,, (¢) and hence f(¢) has
at most 7 linearly independent columns. This proves that the rank of f(¢) is at most 7.
Depending on linear dependence or independence of column vectors V,, (¢), this rank
can assume any value smaller or equal to 7. In conclusion, one has rank(f(e)) < 7.
In particular, if the system Sé’o contains a single one-parameter eigenvalue band (the
case a) above, one has rank(f(e)) < 1.

One can now proceed in analogy to the case (a). First, approximate continuous
eigenvalue function A(k) with n discrete eigenvalues A; = A(k;) where k; are given
by (B3a). Concerning matrix elements (s |V| ®,, (k)) one has

U
Z/ D (K)) (@ ()| dk =T < > |d;) (],

Those matrix elements should be sampled at n discrete points k = k; in such a way
that in a limit n — oo for each m = 1, ..., n one has dense sampling over entire
range D. This can be done according to

(s IVI @ (k) = (s VI @;) = (s V| @i moa 5 (ki)) V Ak, i =1,....n, (B10)

where i mod 7 is i modulo 5. Foreachs =1, ..., p the sequence (s | V| ®; mod 5 (k)
(i =1,...,n) contains n subsequences. First of those subsequences contains matrix
elements: (s V| @ (k14 jn)) (j = 1,2,...), second of those subsequences contains
matrix elements <s V] <I>2(k2+j,])) (j=1,2,...),etc. Inalimitn — oo each of those
subsequences is a smooth function of a parameter k. This property is the main reason
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for the particular sampling method (B10). Matrix elements 2, (¢x)of the operator
2 (k) can be now written as a sum (B4a) where

N
o {5 IV] D jy mod o Kes D) (@ ey mod n ki) [V p)
oW = > A
. €k — Ak+j
j=—N(n)
Qg)(Sk) = Z {5 IVI @ et j) mod y (ki ) {P et j) mod n kit ) IV p) Ak

Ek — At
j<—N@) ko Ak

k

Z (5 V1 @4 mod n Kie-)) (P k-+) mod n (ki) [V P)A
j>N(n) €k~ )\k+j

Due to the smoothness property of each subsequences of the sequence (B10), one
can in analogy to (B5b) approximate component Qg},) (&) as

d
2 (s [V @ (ki) (P (ki) [V p)

SZE?)(Sk) T @ jdon cot (mx(ep)).

In alimit 7 — oo one derives (B6a) where matrix elements fj, (&) are given by (B9).
In a similar way one finds that in this limit component QE},) (ex) should be replaced

according to

n
2 (s V[ @y (k) (P (k) [V] p)

ip (L)
Q) P/ m dk =P f”’—d,\
sp (E1) = & — (k) & — A

=wsple), €€ D.

Inserting into (A5a) one again derives fractional shift eigenvalue equation (22). In
a similar way one derives expression (24a).

There is an important new feature in this case. As emphasized above, foreache € D
rank of the characteristic operator f(¢) can be as large as . Hence for each ¢ € D
fractional shift eigenvalue equation (22a) may have as many as n eigenstates |@,(¢))
and n eigenvalues X,4(¢), i.e. n corresponding fractional shifts x;(¢g). In particular,
if h(e) is regular in a point ¢ € D, fractional shift eigenvalue equation has exactly
r(e) = rank (f(¢)) solutions in this point.

Case (c) This case is a generalization of a previous case to the case when n can
assume any value, including the possibility n = oo. In this case the system Sé’o is
again described by expressions (B8), but without the restriction n < p.

For each ¢ € D the corresponding n-dimensional space X ’,;s is spanned by orthon-
ormalized base B(e) = {|®,,(k)): k = 17! (e);m = 1,..., n}. Instead of this base,
consider interaction adopted base B*(s) = {|®} (k)):k =1"1(e);m=1,...,n}
that has the following property: first 7(¢) < 1 vectors of this base form abase B (¢) =
{|<I>j‘n (k)): k=rx1leEeym=1,..., r(s)} of the active subspace Xrbf;)“ of the space
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X 2*’ . Each vector in X f f;)r interacts with the space X7. In general, dimension r(¢) of

be+ . . . . .
X, é) may depend on ¢, but it can not exceed dimension p of the space X}. Remaining

n—r(e) vectors formabase B~ (e) = {| @} (k)): k=171 (e);m=r(e) + 1,...,n}
of the passive subspace X z‘:( ¢) of the space X ;’8 . No vector in X f”‘:(g) interacts with
the space X. Accordingly, all those vectors are strongly singular eigenstates of the
combined system.

Cardinal solutions of the combined system can be now obtained in the same way
as in the previous case, with the only difference that all relations should be expressed
in the active base B (¢), that is in terms of active vectors |<I>;“n (k)) instead of in terms
of initial vectors |®,, (k)). However, since

N

n
PE =3 10n() (@) = D [ @, (1))}, (k)

m

. k=217,

one can again express all those relations in the old base. For example, due to this
identity one has

n n
2 (s IVI @5, (o) (@), (k) V] p) 2 (s VI @y (k) (@ (k) [V] p)

da(k)/dk - da(k)/dk

e=A(k) e=r(k)
= fsp (8)

which proves (B9). In this way one again derives expressions (22) and (24) for the car-
dinal solutions of the combined system Sy,. One similarly derives expressions (19) for
the singular solutions of this system. Unlike in the case (a) above, in this more general
case combined system may contain a huge number of singular solutions. In particular,
each strongly singular eigenstate that has eigenvalue ¢ is a linear combination

U
pU)) =D cm |Pu(k)), k=2""),

where coefficients ¢, satisfy

n
D m s IVI@m®) =0, s=1,....p.

m

If n > p, for each ¢ € D one has at least (n — p) such eigenstates. All those
eigenstates are contained in the passive subspace X 23(5) of the space X 25. If nis
large the number of such strongly singular eigenstates can be substantial. Concerning
weakly singular eigenstates, one again finds that the combined system may contain

only a limited number of such eigenstates.
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Case (d) The system Sfo contains a single eigenvalue band with the parameter k
and with an additional continuous parameter /. In this case expressions (B1) generalize
to

B |®(k, 1)) = r(k) | Pk, 1)), (Blla)
(@K, D)@K, 1)) =80 —Kk)sU -1, (B11b)
/|<D(k,l)) (@K, )| dkdl =1°, k € [kq, kp]. (Bllc)

In general, parameter / can assume each value in some interval L(¢g), where this
interval may depend on ¢ = A(k).Range D again contains a single interval D = [a, b],
where a = A(k,) and b = A(kp). Characteristic operator f(¢) has matrix elements

J (s IVI @k, D) (P, 1)|V] p)dl
da(k)/dk

1 ifeeD
k=-1(¢) 0 ife¢gD

fsp(e) = (slf(e)| p) =

This case is similar to the previous one. The only difference is that the discrete
parameter m is replaced with continuous parameter /. As a consequence, for each
¢ € D one has abase B(e) = {|®(k,1)): k = 17! (¢); ] € L(e)}. Since [ is continu-
ous, the corresponding space X ’;g spanned by this base is infinite-dimensional. One
can again consider active and passive subspaces of the space X gg. In the same way as in
the previous case one finds that the dimension 7 (¢) of the active subspace X f’ fj) of the
oo-dimensional space X ’;g is finite and at most p. On the other hand, passive subspace
X gg_ of X gg is infinite-dimensional. Using active base one again derives expressions
(22) and (24). Concerning passive base, the corresponding space X gg_ contains all
strongly singular eigenstates of the combined system that have eigenvalue ¢.

Above results can be easily generalized to the case when the system Sfo contains a
single multiparameter eigenvalue band that may depend on several discrete parameters
m as well as on several continuous parameters /.

Case (e) System Sé’o contains several eigenvalue bands.

In this case system Sé’o is described by expressions (2a) and (2b). The only restric-
tion on the generality of those expressions is that this system contains no isolated
eigenvalues and eigenstates.

If no two bands overlap, generalization from a previous case to this case is rather
straightforward. Since intervals I, are mutually disjunct, one can treat each such inter-
val in the same way as in the previous case when the system SCI,’O contains a single
eigenvalue band [6,7]. Characteristic function f(¢) is just a sum of band characteristic
functions f, (¢), and one again derives expressions (19), (22) and (24).

Slightly more complex is the case when some bands overlap. The main strategy in
this case is described elsewhere [6,7]. Consider the simplest case when the system
Sfo contains two bands v and p that partially or completely overlap. With the band
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v is associated eigenvalue function A, (k) where k € [kgy, kpy] and with the band p
is associated eigenvalue function A, (k) where k € [ka w> kp ﬂ]. All eigenvalues of the
first band are contained in the interval I, = [A, (kqy), Ay (kpy)] While all eigenvalues
of the second band are contained in the interval /,, = [k wKap), Ay (kbﬂ)]. Consider
the interval 1,,, = I, U I,,. In general, this interval is a union of three subintervals
of which only the subinterval I = I, N I, which is the intersection of /,, and I,
contains elements of both bands. Hence those two overlapping eigenvalue bands can
be formally treated as three eigenvalue bands of which only eigenvalue band cor-
responding to the intersection interval / requires some special treatment. With an
appropriate rescaling of eigenvalue functions A, (k) and A, (k) within this interval one
can transform both eigenvalue functions to the same eigenvalue function A (k) [6]. The
interval I can be hence treated as if it contains a single (multiparameter) eigenvalue
band. The problem of overlapping bands is thus reduced to the previous problem of
nonoverlapping bands and following this prescription one again derives expressions
(22) and (24).

Case (f) General case. System Sfo is an arbitrary infinite-dimensional system con-
taining several multiparameter eigenvalue bands and several isolated eigenstates.

After previous case is solved, one has only to add several isolated eigenstates to S(fo.
The entire derivation of expressions (22) and (24) is the same, except for the redefini-
tion of characteristic operator f (&) which is now defined in slightly more general way
in order to include the effect of those additional isolated eigenstates.

The same applies to expressions (19) which describe embedded singular eigen-
states. In particular one finds that (depending on the system Sé’o) for each ¢ € D
combined system may contain a huge number of embedded strongly singular eigen-
states. All those eigenstates are contained in the passive subspace X?¢~ of the space
Xb¢_ Since those eigenstates do not have X{,-component, they do not contribute to
the properties of the open system Sg. Concerning embedded weakly singular eigen-
states, the number of those eigenstates is limited. First note that for each ¢ € D one
may have at most p such eigenstates, however large dimension of the space X’%.
Next, since those eigenstates satisfy |¢p(e,...)) # 0 and |¢(¢,...)) € XPet, one
finds that conditions (19) can be satisfied only for some isolated points g € D. As
a result those eigenstates do not contribute to the properties of the open system Sg
(excluding anomal eigenstates which are however isolated and not embedded eigen-
states).

C Derivation of completeness relations (34)

Let {|W,)} be the set of all isolated eigenstates of Sy, let {|W;(g))} be the set of all
embedded cardinal eigenstates of S, and let {|W (e, ...))} be the set of all embedded
singular eigenstates of Sy. Those eigenstates form a complete set in X, and hence

S 1) 1S + 3 [ 1) (ate)]Sde
r d

+Z/|w(8,...)) (W(e,...)|Sde =1, (Cla)
()
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where I = I¢ + I” is a unit operator in X. First term involves summation over
all isolated eigenstates |W,) of the combined system, second term involves integra-
tion of all embedded cardinal eigenstates |W;(g)) over ¢ € D and summation over
all such eigenstates, while third term involves integration of all embedded singular
eigenstates |W(e, ...)) over ¢ € D as well as summation and integration over all
additional parameters, if any. Multiply expression (Cla) from the right by projection
operator I?. Since strongly singular eigenstates have no X7-component, as a result
all such eigenstates contained in the third term of (Cla) vanish. Concerning weakly
singular eigenstates, those eigenstates have nonvanishing X7 -component. However,
weakly singular eigenstates that correspond to anomal points are not embedded but
rather isolated eigenstates. Those eigenstates are taken care in the first term of the
above expression. Remaining embedded weakly singular eigenstates can exist only in
some isolated points ¢ = gy € D. Hence the integration over ¢ in the above third term
produces zero. Thus one finds

z W) (We| S + Z/ W (e)) (W5 (e)| S“de =17,
r d
Multiplying from left by I this implies:
> |we)(we|se + Z/ |WS (o)) (WG (e)| S*de = 1°. (C1b)
r d

Let |®) € X7 be an arbitrary state contained in the space X} and let this state be
normalized according to (® |S| ®) = 1. In this case

r

Slolslw)ur s o)+ 3 [ {o]st wie) wie |87 ©)ds = 1.(C1o
d
In particular, one can choose |®) to be a local state |Qy):

Sloufstfwipr st o+ 3 [ (o8t wie e 87 ode = 1.
r d

(C2a)

Physically, (@S |S4] Wf)(\IJf [S4] ®S> = (O S| ¥,)|* = w, s 1S a probability to
find isolated eigenstate |\, ) of a combined system in a local state |®;). Similarly,
(O 18] Wi (o)) (W4 (e) 1S9] O5) = [{Oy IS| Wa(e))[* = pas(e) is a probability den-
sity to find embedded cardinal eigenstate | W, (¢)) of a combined system in a local state
|©g). In view of (27), this proves (34a). Summing over s and using (1¢) one finds

> (we s we) + Z/(w;;(s) S| Wi (e))de = p, (C2b)
d

r

which proves (34b).
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D Derivation of the expression (11)

Consider integral

K(g)=P &dk

a

where P denotes principal integral value. This integral is defined as a limit

e—h b
K(e) = }}im(){/ &dk A% dk}.

)\, +h8_)\.

Expanding f (1) in the point ¢ = A and inserting this expansion in the above
expression one finds

(i) @) .
K(s):—&inb[/ Zf (8)( )~ 1d/\+/ hzf (8) —s)’_ldA]
- , +

i=0
e=h gy, b dx
“impre [0 [T

10 B e W
Dy +Z n 4o ¥

1

O — &)

i

Z f%) O [ -~ a—or]

This proves expressions (11).

f(e) ln

E Expressions (17), (30) and (31)

Consider generic eigenvalue equation (15a). If one increases 8 by an infinitesimal
amount df, eigenvalue ¢, increases by de,, while eigenstate |6, ) changesto |0, + &6, ) :

[(B+dp) w(er +de) + A — (e +den)s* | 16, +86,) = 0.
Since dp is infinitesimal this implies:
2 dw a
(82 +28 ap) (w(e) + T2de, ) + A (e +de))S” |16, +86,) =0,
r

Multiplying from left by (6,| and using (15a) one finds

,dw

P

de, <0r — S

0, + 89r> 128 dB (6, |w(e,)| 6 + 86,) = 0.

Er
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Since |86, is infinitesimal this implies (17).

Expression (30)

Consider fractional shift eigenvalue equation (22a). Increase ¢ by an infinitesimal
amount d¢ to obtain

[ﬂzw(s tde)+A—(e+ ds)S“] loa(e +de, B)) = Xa(e + de, B)E(e + de)
lpa(e +de, B))

For clarity, in the above and in the following expressions is explicitly emphasized
the dependence of the eigenstate |p4(g)) = |@q(e, B)) and of the corresponding eigen-
value X;4(e) = X4(¢e, B) on the coupling parameter S.

If f(g) is analytic in the point ¢ € D, w(e) is also analytic in this point. If in
addition X (e, B) is nondegenerate, one finds that |¢4 (e, B)) and X4(B, €) are also
analytic in this point. One can hence expand those quantities in the point ¢ € D to
obtain

[,32 (w(s) + fl—(:de) FA—(e+ ds)S“} loa(e + de, B))
0Xy df
= (Xd(& B) + —dE) (f(S) + —dE) lpa(e +de, B))
oe de

Multiplying from left by (¢4 (e, B)| using (22a) and neglecting higher order terms
one finds

d
<<pd(e, B) ‘[ﬂzd—‘” . sa]
&

df
P (e, /3)> = Xa(e, p) <§0d(€s B) ‘%‘ Pale, ,3)>

0Xy
+8_8 (pa(e, B)IE(e) lpale, B))

This implies expression (30).

Expression (31) and anomal points

Let the unperturbed eigenvalue E be contained in the range D(E; € D) and let this
eigenvalue be nondegenerate. In this case there is one and only one eigenvalue ¢; =
&5 (pB) of a generic eigenvalue equation (15a) such that ¢;(0) = E;. Let the correspond-
ing eigenstate |0;(8)) satisfy f(E;) |05(0)) = f(Ey) |®s) # 0. As emphasized in
Sect. 6.2, there is an embedded eigenstate | (¢, B)) of the fractional shift eigenvalue
equation such that X (¢5(8), B) =0 and (up to the norm and phase) |¢;(e5(8), B)) =
|65(B)). Note that fractional shift corresponding to the eigenvalue X(g4(8), f) =0
equals xs(g5(B), B) =0.5. This fractional shift describes embedded eigenstate with
the eigenvalue ¢ which is exactly in the middle between two adjacent infinitesimally
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close unperturbed eigenvalues A. If f(¢) is smooth in a point ¢ = E; € D and in some
small neighborhood of this point, one has

f(e) = f(es), los(e, B)) = l@s(es(B), B)) o |05(B)),
Xs(e, B) ~ (0Xs(er, B)/0er) (€ — £5(B))).

Above approximations are reliable if |¢ — g5(8)| is sufficiently small, i.e. if ¢ €
A(gg) where A(gy) is some small neighborhood of the point &4(8). For each 8 those
expressions are exact in a point ¢ = g4(8). Hence, provided ¢ € A(gy), one can
approximate (24b) as (31). If the width Agg(B) of the corresponding universal res-
onance curve as calculated by (33a) is as small as Agg(8) < A(gg), component
‘\IJA“ (e, ,3)) of the embedded eigenstate |\ (e, B)) displays a prominent resonance
feature at the resonant point ¢ = &4(8). Since Agg(B) is proportional to the square
of the interaction parameter S, this condition is satisfied if 8 is sufficiently small.
This justifies approximation (31) in the case of small 8. However, in some cases
Aegg(B) may be small even when S is not small. In particular, if matrix element
(O5(B) If(e5(B))] O5(B)) is sufficiently small, Aeg(B8) may be small even for large .
One has such an extreme case in the anomal point (8 = B4, ¢ = &;(B4) = €,) Where
(65(Ba) If(e4)| 05(Ba)) = 0. One can not directly analyze such a point, since in this
point the method by which fractional shift equation was derived as the n — oo limit of
expressions (AS5a) breaks [8]. However one can analyze this point as the limit 8 — .
In this limit (65 (B) |f(e5(B))]6s(B)) — 0. If X;(e4, By) is nondegenerate, as long as
O5(B) 1f(es(B)) ] 65(B)) # 0O, however small, one has at the point ¢ = &5(8) reso-
nant structure described by universal resonance curve (32b). In a limit 8 — g, this
curve becomes infinitely narrow and infinitely high with the exact area (33c). This
is a §-function wg(ﬁa)(S (¢ — &4). Accordingly, in this limit (8 — f,) one has an
isolated eigenstate at the anomal point ¢ = &,. More rigorous treatment shows that in
an anomal point combined system may have one or several isolated eigenstates [8]. In
particular, one finds that in a point 8 = f,, X{-component ]\IJr“) of the corresponding
isolated solutions is given by expressions (15b) and (15¢). This is implied by formal
equality of probabilities (18b) and (33c).
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